Prof. Dr. Andreas Mielke
Institut fiir Theoretische Physik
Universitdt Heidelberg
Philosophenweg 19

69120 Heidelberg

Germany

http://www.tphys.uni-heidelberg.de/~mielke/

e-mail: mielke@tphys.uni-heidelberg.de

Advanced Condensed Matter Theory

Andreas Mielke

Summer term 2023
Time: Tuesday, 11-13
Philosophenweg 12 kHS

This script is still in development.


http://www.tphys.uni-heidelberg.de/~mielke/

Abstract

Strong correlations are important for the understanding of many phenomena in modern condensed
matter physics. Examples are high temperature superconductivity (Nobel prize 1987 http://wuw.
nobel.se/physics/laureates/1987/index.html) and the fractional quantum Hall effect (Nobel
prize 1998 http://www.nobel.se/physics/laureates/1998/index.html). The theory for strong
correlations needs new concepts and methods to describe such phenomena and to solve the corres-
ponding models. The aim of this course is to provide these methods, to introduce the models, and
to help understanding the phenomena in strongly correlated systems. Not the only one but the most
important model to describe strongly correlated Fermions is the Hubbard model. In the modern the-
ory of strong correlations it plays the same role as the Ising model in statistical physics: It serves as
a standard model to describe and understand most of the phenomena in strongly correlated systems.
The Hubbard model was initially introduced to describe the physical behaviour of transition metals, to
understand magnetic phenomena in itinerant electron systems (ferromagnetism, anti-ferromagnetism,
ferrimagnetism), to describe the Mott transition, and to describe m-electron systems in quantum chem-
istry. In one space dimension it describes a Luttinger liquid. Although the model has a very simple
structure, the behaviour depends strongly on the parameters, the interaction strength, the density,
and the underlying lattice. In this course we try to give an overview over the physics of strongly
correlated electrons and the Hubbard model.

The students are expected to know quantum mechanics and statistical physics. Some knowledge in
condensed matter physics is helpful as well.
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1 Interacting Fermions and Bosons

1.1 The Hubbard model

As mentioned in the abstract, the Hubbard model serves as a standard model for strongly correlated
electrons. The Hamiltonian of the Hubbard model is given by

H = Hyin + Hyw = Z toyCh oCyo + UZ C;Tchcucﬂ (1.1)

x,y,0 T

The model describes electrons in a tight binding approximation on a lattice. x,y denote the lattice
sites. o € {1,]} denotes the spin of the electron. ¢! is a creation operator for an electron with spin
o on lattice site x, ¢;, is the corresponding annihilation operator. The first part of the Hamiltonian
describes the hopping of electrons on the lattice, t,, is the hopping amplitude. The second part
describes the interaction between the electrons. Usually we assume the interaction to be repulsive, i.e.
U > 0.

The model was proposed independently by J. Hubbard [25] for the description of transition metals,
by J. Kanamori [28] for the description of itinerant ferromagnetism, and by M.C. Gutzwiller [19] for
the description of the metal-insulator transition. In Quantum Chemistry, the model is popular as
well, and was introduced ten years earlier [58, ?, 60]. Under the name Pariser-Parr-Pople model it
has been used to describe extended m-electron systems. Recently, it has been used to describe high
temperature superconductors.

Today, the bosonic Hubbard model is of some interest as well. Its Hamiltonian is

U
H = Hy;, + Hyw = th,yc;rccy + 5 an(nw — 1) (1.2)

,y T

where now cl, ¢, are creation and annihilation operators for bosons.

For students who are not familiar with the notation used in (1.1,1.2), we introduce creation and
annihilation operators in the next section. Students who are familiar with this notation may skip that
and may continue reading from section 1.3.

1.2 Quantum Systems with many Particles

In reality, almost any system contains many particles interacting with each other. A single particle can
be described by a wave function, which is an element of the single particle Hilbert space. The Hilbert
space of two or more distinguishable particles is a product of the Hilbert spaces for single particles.
For identical particles, the situation is different. Here, the type of the particles is essential, they may
be either fermions or bosons. The multi particle wave function for bosons has to be symmetric, for
fermions it has to be anti-symmetric against permutations of particles. The goal of the subsequent
sections is to obtain a compact notation for such multi particle states using creation or annihilation
operators for particles. We introduce them first separately for bosons and fermions.
Many of the concepts in this chapter may be found in standard text books like [56].



1 Interacting Fermions and Bosons

1.2.1 Creation and Annihilation Operators for Fermions

Let {¢:(7,0)} be an orthonormal basis of single particle states. We denote the coordinate and the
spin by ¢ = (7,0). In the case of fermions, a basis of N-particle states can be build out of Slater
determinants of the single particle states:

di(q1)  bi(g2) - 9ii(an)
il,ig,...,im:\/;rf! ¢i2§(h) ¢i2§CI2) sz'g(ECIN) (1.3)

¢iN(Q1) (z)iN(q?) ¢iN(QN)

This state can be written in the form

N
. . 1 p
|11)Z2a"'57’N> = W Z (71) H¢ZJ(QP(])) (]‘4)
" PeSy j=1
Because of the construction as a determinant, the state is anti-symmetric if one permutes a pair of
indices, as it should be for fermions.

01y evey vy ooy 83 cony IN) = — |01, cons 8By o ey ooy TV (1.5)
Normalisation:
(11,92, «ey IN |1, 02, oyin) =1 (1.6)
Orthogonality
o o . S p(=DFP T ipe,  HN=M
= ' 1.7
(J1,J25 - IN i1, 25 o ing) { 0 if N £ M. (1.7)
We now define the creation operator of a particle in the state ¢ by
ity ioy oy i) = i, 01,02, oy iN) (1.8)

c! maps states with N onto states with N + 1 particles. The right-hand side may vanish, this happens
if and only if one of the indices it = 7. One has

cicilin iz, in) = i, 4,01, 0, 0 iN)
= _|j7iai17i27"'7iN>
= —clcilin, iz, .y in) (1.9)

This holds for all states, so we have
cj»c} = —c}cg (1.10)

Therefore we have cZTcZT = 0. Furthermore one may write
1, Ny =cl ¢l ..l |vak 1.11
i1, 42, iN) = ¢} €1, 0 [Vak.) (1.11)
For each operator cZT we introduce the hermitian conjugate operator c;:
<]15 "'a]M|Ci|Z].a -~-7ZN> — <117 "'7ZN|Ci|]1a 7]M>
- </Ll7 "aZN|Zajlv"'7jM>

0i1,i0i5,j1 -+ — 04y ,j1 0in,i £ ... alltogether N! permutations, if N =M +1
0 it N #M+1.

= (5217i<i2, ...,iN’jl, ,jM>* — 5i27i<i1,i3, ...,iN’jl, 7]M>* + ... (Nterms). (1.12)
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and therefore
Cilt1, .o, iN> = 51'171"1'2, ...,iN> — (52'2#"1'1,2'3, ey iN> + ... (Nterms). (1.13)

and
cilvak.) =0 (1.14)
t

The commutation relations for the creation operators c; can be carried over onto the annihilation
operators ¢;:

Cicj = —Cj¢; (1.15)

We now introduce the anti-commutator [A, B]; = AB + BA for arbitrary operators A and B. Then
we may write

el elly =0, el =0 (1.16)

Because of
clejlin, oy in) = 0iy jliyioy ey INY — iy jliy 01,03, oy iN) + .. (1.17)
CiCllity oy iN) = 03 jli1, ey iNY — iy jliy 02y oy IN) + Gig iy 01,53, ey iN) + - (1.18)

we obtain

(C]'C;r + CICj)|i1, ...,iN> = (SZ"j‘Z'l, . iN> (1.19)

and since this holds for any state, we have
[}, ¢jl+ = i (1.20)

1.2.2 Creation and Annihilation Operators for Bosons

Bosonic wave functions are symmetric. Therefore we could make the ansatz, in analogy to the fermions

1
P

But this state is not normalised. Since these wave functions are symmetric against permutations of
two indices, they do not vanish if two indices are identical. Let n; be the number of particles in the
state ¢. Then we have
(i1, 09, .oy iN i1, 02, oy in) = H ni! (1.22)
i€{i1,vin}

Therefore, the correct normalisation is

. . 1
i1, 42, s IN) = ZH@]-(QP(J')) (1.23)
\/N!Hie{il,...,m}ni! P g

and therefore

. .
I S 5 i fN=M
Mic iy, ingy ™! 2op ik diniry 1 (1.24)

(J15 J25 s IN|i1, 92, oy ing) {O if N # M.

For bosons, the creation operators can be defined as
ity igy oy iny = vV/n; + 1[i,i1, 2, ..., iN) (1.25)

Here, n; is the number of particles in the single particle state i contained in |i1, 9, ...,ix). This is in
complete analogy to the operators one introduces in the typical text-book treatment of the harmonic
oscillator.
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The hermitian conjugate operators to C;r are ¢; and we obtain:
(1, - dmlcilin, o in) = (in, oo in|el] g, - )

= ’n,i—l-1<i1,...,iN‘i,jl,...,jM>*
n; + 1 { 0i1,i0is,j1 - + 0y j1 0in i + ... alltogether N! permutations, if N = M 41

[iegin, inymart L O if N £ M+ 1.
- n; + 1 (61'1,7;@27 ""ZN‘le 7]M> + 6i2,i<7'17,537 “'77’]\/‘]17 7]M> + ) (Nterms). (126)
7

Here again n; is the number of particles in the single particle state ¢ contained in |ji, ..., jar). This

means 1

Cl"il, ceny iN> = \/77 (5i1,i|i27 ...,’iN> + 51’2,1’
where now n; is the number of particles in the single particle state i contained in [i1,...,ix) (one
particle more than in |j1, ..., 7). In complete analogy to the fermionic case treated before, we obtain

1,13, .., iN) + ...) (IV terms) (1.27)

e}, cl]- =0 (1.28)
[Ci, Cj]_ =0 (1.29)
[Ci, C;], = 51-7j (1.30)

where now [.,.]_ is the usual commutator. The creation operators can be used to form the multi

particle states:

1
Tt
Ci, Ciy -

|i1,i2,...,i]v> = .C;[N|Vak.> (1.31)

Hie{il,...,iN} n;!

Summary: Creation and Annihilation Operators

We introduce the variable (, which is —1 for fermions, +1 for bosons. With the help of this variable,
we may write the formula for both types of particles in the compact form

1
)= P11 ¢4, (api) (1.32)
" \/N!Hie{il,...,iN} n;! ; 1;[ "

2 p VTl 0 if N=M
(J1, 25 s IN i1, B2s oons i) :{ (1)_11'6{1'1 ----- ingy it =P kPG £ N £ M. (1.33)

i1, 42, ..., 1

ity igy oy iny = vV/n + 1[i,i1, 02, .., iN) (1.34)

Cilit, coyin) = N (0i1,ilt2, -y in) + COiy ilin, 13, ...rin) + ...) (NN terms) (1.35)
[cz-,c}],c =0 (1.36)

[Ci,Cj]_g =0 (1.37)

leinel]_c = i (1.38)

1,2, ey i) = ! el el |vak 1.39
11,12, .0y IN) = Ci\CiyrCiy [Vake) (1.39)

Hie{il,.“,iz\]} n;!



1 Interacting Fermions and Bosons

1.2.3 Single particle operators

Let us now discuss the operator

N = chci (1.40)

i=1
One has
C;CZ‘ 11, ...,iN> = ((51'1,2' + (51'2,2' —+ ...+ 51'N,i)‘i1, cesy iN> (1.41)
and therefore
Nlit,..oyin) = Nlit, .o in) (1.42)

N is the particle number operator. It is a single particle operator, since it may operate on single
particle states. Any single particle operator T' (for instance the kinetic energy or a potential) operates
on the single particle basis. One has

N
Tlir) =Y tili) (1.43)
i=1
We consider first operators which are diagonal in the chosen basis
T|i)y = t;]7) (1.44)
For N-particle states we have similarly

Tlit,....in) = Ztij\il,...,z’N> (1.45)
j

The operator acts on each particle independently. We now want to show that 7" can be written as
T = Z tichi (146)
i

With this form of T we calculate

1 1 1
Tli1,ig, . in) = T———=c! |ig, ...,in) = ——[T, ¢! |ia, ..., — ¢l Tlig, ...,1
|11, 42, . IN) ni1+1c’1“2’ LIN) ni1+1[ s iz, in) + T |12, ey i)
(1.47)
and further on
[T,cl ] = tilclei, ol ] = tic]) (1.48)
7
Ti1, i, ...yin) = tiliv,io,..in) + ¢l Tlig, ..., in)

= > tilir, . in) (1.49)
J

which shows that the representation (1.46) of T is correct.

We will deal with single particle operators which are non diagonal. Since any hermitian operator can
be diagonalised with the help of a unitary transformation, we have to know how a unitary transform-
ation acts on the creation and annihilation operators. Let us introduce a new basis |a) = >, tqili)
where U = (uq;) wWith ue; = (I|) is a unitary matrix. Let ¢, be the new creation operators. We have

cf [vak.) = o)

= Zum|2‘>
= Zuaicﬂvak.}
= > (ali)*cl[vak.) (1.50)

i
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and therefore we let

o = Z (i|a) (1.51)

i

=) (ali)c, (1.52)

i

o =Y _{oli)c; (1.53)

i

¢ = Z (ila) cq (1.54)

Then we have

T = Zticzci
= Zt (ali) (i) cles

i,0,0

= Zta’chCg (1.55)
a76

This is the general form of a single particle operator.

Examples:
o Potential: V(7)
s = [ i@V () (1.56)

o Kinetic energy: )
by = [ o (—h) b5(7) (1.57)

In the orthonormal basis ¢z = ﬁ exp(iE - T')Xo One obtains

cl ¢z (1.58)

1.2.4 Interactions

The aim of this course is to treat interacting systems. Almost any interaction is an interaction
between two particles. Such interactions can be described as two particle operators. Generically, we
cannot expect that interactions are diagonal in the multi particle states constructed out of a given
single particle basis. But, for simplicity, we will start with this case. Let V be the operator of the
interactions, then, in this basis, we have

Viij) = Viglis ). (1.59)

|i,7) is a two particle state. For matrix elements of states with N particles, we obtain

(1. gnlVl]ir..in) = ZCP > {ipes dpg Ve i) ] Galin)

kK Ik, K/

1 . oo .
= 5 Z Vieiw | (J1---dnli1. . iN) (1.60)
kK

10



1 Interacting Fermions and Bosons

Here %Zk;ﬁk’ is the sum over all pairs of particles in the states |i1...in). For ¢ # ¢/, the number
of pairs of particles in the states ¢ and 4’ is n;ny. For i = ¢/, it is n;(n; — 1). The number of pairs
therefore is

_ PPN A
nin; — 0; jn; = c-czcjcj—éwcl-cZ

= CcccZ

= czc;c]cz (1.61)

Therefore we have

1
ZVJ chcjcz = Z(z JlV i, j)elel €iCC (1.62)

).]

Transforming this into a general ba81s, we obtain

1
V=3 Z};l@ iV Ik, Lelchee, (1.63)
1’1.71 b

This is the general form of any two particle operator. Each two particle interaction can be written in
that form.

The representation of any operator, e.g. the Hamiltonian of a given model, with the help of creation
and annihilation operators is thus a simple short form of writing down the matrix elements of that op-
erator in a multi particle basis that has been constructed from a single particle basis by either forming
completely anti-symmetric states, Slater determinants, in the case of fermions or completely symmet-
ric states in the case of bosons. The advantage of this representation is the simple algebraic relation
ship between the creation and annihilation operators in the form of commutation relations (bosons)
or anti-commutation relations (fermions). Many calculations are much easier in this representation.

1.3 Coherent States

Creation and annihilation operators map states of one Hilbert space onto states of another Hilbert
space. A state with N particles is mapped to a state with IV + 1 particles. Successive application of
creation and annihilation operators yields states out of Hilbert spaces with an arbitrary number of
particles. The direct sum of all Hilbert spaces with N particles, N = 0,...,00 is called Fock space.
The entire Fock space can be spanned by applying creation operators onto the vacuum. In many cases
it is useful to work in the Fock space instead of a Hilbert space with a fixed number of particles. This
is esp. the case, if the number of particles is not a good quantum number, as e.g. in the case of
phonons, or if one treats a problem in a grand canonical ensemble.

Up to now we used the N-particle states built out of single particle states as a basis of the Fock
space. There is another, actually over-complete set of states which proved to be useful, coherent states.
These are eigenstates of the annihilation operators.

First of all, it is easy to see that a creation operator cannot have an eigenstate. Suppose that such
an eigenstate exists. It would be a sum of states of a different number of particles. Within this sum,
there would be necessarily a state with the lowest number of particles. The creation operator acting
on this state would increase the lowest number of particles by one. Therefore this sum of states cannot
be an eigenstate.

A corresponding argument does not exist for the annihilation operator, since in the Fock space,
there is no state with a maximal number of particles. Suppose that we have got an eigenstate of the
annihilation operator, i.e.

cil@) = ¢il@). (1.64)

For bosons, annihilation operators commute. Therefore their eigenvalues are usual complex numbers.
We shall see later that for fermions, this is not the case.

11



1 Interacting Fermions and Bosons

1.3.1 Coherent States for Bosons
A state with n; bosons in the single particle states i), i = 1,..., N can be written in the form
N

niy,n ny) = 1 ™ ) |vak. .
Ini,ng,...,nx) 1;[1(\/77() >\ k.) (1.65)

One has
ci]nl,ng, e ,nN> = m|n1,n2, e,y — 1, e ,TLN> (1.66)

For the coherent state |¢), we make the ansatz
6= D Pnimamnlranz, ) (1.67)
n1,M2,0 NN

The condition ¢;|¢) = ¢;|¢) yields

¢i¢n1,...,m,...,m\f =vn;+ 1¢n1,...,n¢+1,...,n1\7 (168)
and therefore
N n
Ons oo H % N (1.69)

Finally we obtain

o) = > H(n, >|vak.>

ni,n2,...,nN i=1

= exp(z pich)|vak.) (1.70)

A creation operator acting on this state yields

dloy = clexp(> dic)lvak.)

i

_ 6¢Z|¢> (1.71)

Now we calculate the scalar product of two coherent states:

{¥19)

Z Z H<¢mz¢m) (mi,...,my|n1,...,nN)

SN M1..MN 1

- ¥ TI(%)

N1, NN 1

= eXp(Z »i i) (1.72)

One can show that coherent states are overcomplete. This property is very important. We now show
that

[ Pldless(= Y sianlonel = 1 (L.73)

12



1 Interacting Fermions and Bosons

where we use the notation

d(Re;)d(S;
To show this, we calculate the commutator
0
(e, [9) (@] = (¢ — af¢jﬁ)|¢><¢| (1.75)

One obtains
* * 9
i / Diglexp(=>_ o7 i)le) ol = / Diglexp(= > #ioi)(9i = 5oo)ledel  (1.76)

Partiell integration of the second term on the right hand side shows, that the commutator van-
ishes. Therefore, the operator [ D[¢]exp(— Y., ¢Fdi)|P)(p| commutes with all annihilation operators
¢;. Therefore, it must be a number. To calculate that number, we take it’s expectation value in the
vacuum. We obtain

[ Dldlesn(= 3 616 (wac g} (@hvac) = [ Dldlexp(~ 3 616 =1 (1.77)

This shows the completeness.
A trace of an arbitrary operator A can be expressed as

Trd= [ Dlojexpl(~ 3 ¢i00) (61410 (1.79)
Similarly, we can expand an arbitrary state |f) in terms of coherent states

)= [ Dldlexs(= 3 o70)(@)10) (1.79)

The expression

f(@7) = (¢lf) (1.80)

is the representation of |f) in terms of coherent states, like f(x) = (z|f) is called coordinate repres-
entation of |f). In this representation, the annihilation operator is simply the derivative

N T ) t_0f(9Y)
el ) = iller” = (-1 ) =20 (1.81)
and the creation operator is the multiplication operator
(Bleilf) = (fleild)™ = (@il flo))* = &; f(¢") (1.82)
so that we write 5
¢ = %, CI- = ¢;k (1-83)

This representation fulfils the usual commutation relations. As a consequence, the Hamiltonian, which
is usually expressed by creation and annihilation operators in some form H({c],c;}) can be written as
H{¢}, %}) in the coherent state representation and the eigenvalue equation is

0

Nf(@) = Ef(¢7) (1.84)

13



1 Interacting Fermions and Bosons

Matrix elements of an operator A({c!,c;}) are
(lA{c), ey = A{¢7, i) exp(d_ dfr) (1.85)

where one has to take into account that all creation operators must be placed left of all annihilation
operators (normal ordering).

The expectation value of the number operator n; = cgci is therefore ¢} ¢; and the expectation value
of the number of particles is N = . ¢¥¢;. Furthermore

@GN =NI9) = o)
o —Eijqwz—zv (1.86)

so that the relative deviation of the particle number from it’s expectation value is o N~/2.

1.3.2 Grassmann Algebra

We saw that coherent states for bosons may be useful. In the following we will often make use of
coherent states. The goal of the present section is to introduce coherent states for fermions. To do
this we need to deal with objects which anti-commute. Such objects are called Grassmann variables.
One can define usual operations for them, they form a so called Grassmann algebra. The goal of this
subsection is to introduce the main ideas behind this concept. An excellent introduction (in German)
on Grassmann variables is the script by Franz Wegner [76].

A Grassman algebra is built up from a set of generating elements {§;,i = 1,..., N}. It contains all
polynomials of these generating elements with complex coefficients. The fundamental rule is

§i&j + &€& =0 (1.87)

and therefore
£ =0 (1.88)

In the following, we use an enlarged Grassmann algebra, that is formed by the generators {;, &/, i =
1,...,N}. The symbolic operation * obeys the following rules

&) =& (1.89)
&) =¢& (1.90)
(&&)" = &§& (1.91)

We now consider functions of the variables & and £. These are polynomials of & and &, where in
each monom, a factor &; occurs only once, since its square vanishes. Known functions are defined by
their Taylor expansion, which terminates automatically. E.g. one has exp(§;) =1+ ;.

Having defined functions, the next point is to define derivatives. One has

9
0%

For a product of variables, one has first to interchange the variables so that the variable and the
derivative are close to each other. For example, one has

O pxpce _ O
%fjgkglgz = 96

&G=1 (1.92)

(—&&5&R&) = —&5&& (1.93)
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The derivative of an expression with respect to a variable vanishes, if the expression does not contain
the variable. Similarly, all other known rules like the product rule hold, except for additional signs
which occur due to the exchanging of variables. Like variables, derivatives anti-commute:
90 _ 00 150
9&; 9¢; 0&; 0&i
Next we define integrals. Clearly, there is no integral which is analogue to the usual Riemann integral
for real numbers. The idea is to define the integral as a linear mapping of functions to real numbers,
which behaves similar to integrals of usual integrable functions which vanish at infinity. Furthermore
we need that the integral of a total differential vanishes. There are various possibilities to define the
integral, a typical convention is

(/@1:0 (1.95)

/dgg =1 (1.96)

The same must be true for the . But one has to pay attention concerning anti-commutation and
signs. For instance, we have for

f(&1,&2) = ap + ar&1 + a2l + a1261 &2 (1.97)
/d§2f(§1,€2) = az — a12§1 (1.98)

and
/dfld&f(gly@) = —a2 (1.99)

but
/d§2d€1f(§1,€2) = a2 (1.100)

The expressions d§; anti-commute like the variables &; itself. With these definitions, arbitrary integrals
can be calculated, for instance one obtains

/ dE* de exp(—£°€) = / derde(l— €)= 1 (1.101)

We now define a scalar product for functions of Grassmann variables. Let f and g be functions of
&1, ..., &N, then we define

(19 = [ Diglexp(= 3618 €0 En)alEl o 65 (1.102)

where

DI¢] = [ [(derds) (1.103)

7

Using Grassmann variables we can now construct coherent states for fermions.
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1.3.3 Coherent states for fermions

First, we need a convention about the behaviour of a product of Grassmann variables and creation
and annihilation operators for fermions. It is natural to choose

[ci, &1+ = e}, ]+ = [0, €1+ = [¢], 7]+ =0 (1.104)
for all 4, 7. As an ansatz for the coherent state we take
|€) = exp(— > _ &el)lvak.) = [J(1 — &¢l)lvak.) (1.105)

The second expression can be obtained from the first by taking into account that all the expressions (SZ-CZT
commute with each other so that the exponential of the sum is a product of exponentials. Furthermore
each annihilation operator ¢; commutes with &;c} if i # j. For i = j we have

cibicy = —&icicl = —&(1 — cjei) (1.106)

This now yields
cil€) = &il§) (1.107)

which is indeed the defining property for coherent states.
Let us now calculate, how a creation operator acts on a coherent state.

cdlg) = (1= &e) [J(1 - geh)lvak.)

J#i

= T1_[ 1‘& )|vak.)

J#i

0 t
= ag 5e L= &e) [T - giehlvak)

’ i
= % 9 le) (1.108)
For the scalar product of two coherent states we obtain
(€]x) = (vak | H — i) (1= xic))vak.) = [[(1+ & xi) = exp(>_ & i) (1.109)

Next we want to show the completeness relation
| Pléexnl- Y il =1 (1.110)

To do this, we define
E= [ Dlgexnl- Y e)l0) (e (111)

and show that

(i1y -y in|Eld1y oy Jm) = (1, oo yinldty -« Jm) (1.112)
holds. First, one obtains
<i1, e 72n‘§> = <Vak.’CZ‘n e Ch‘g) = f,n .. '€i1 (1113)
and therefore
(i1, inlElj1, - s jm) = /D[f]H(l — &), - & E (1.114)
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Furthermore, we have

[dgas - e =1 (1.115)

/dﬁfdfi(l —&§&)& =0 (1.116)

[ dgiasa - g =o (1.117)

[dgasa-ge) =1 (1.118)

This first of all means that one gets a non-vanishing contribution only if n = m and {iy,...,i,} =

{j1,.--,Jm}. If this condition is fulfilled, the only thing that remains is to permute the &;, so that
they occur in the same order as the j . The result is simply the sign, one gets, if one calculates the
scalar product in (1.112). This shows the completeness relation. Using it, we directly obtain

TrA = / Digesp(- Y g6 (-4l (1.119)

where the additional minus sign in (—¢| occurs because we have to exchange |£) with (£], so that each
Grassmann variable gets an additional minus sign. Due to the completeness relation one has also

)= [ Dleexp- S gren(=€l0)e) (1.120)

and we can define the expression
f(E&) = (=) (1.121)

like in the bosonic case as the coherent representation of a state |f). One obtains directly

(=Elalf) = (flefl = &)
0

= et
_ 9 * 1.122
= 5@ (1122)
and similarly
(=Eleilf) = =& f(&7) (1.123)

The creation operators CI- and the annihilation operators ¢; for fermions in the coherent representation
are therefore simply —¢£' and %. The anticommuation relations are clearly fulfilled. Like in the
bosonic case, we obtain for a normal ordered (creation operators left of all annihilation operators)
operator A({c!,c;})

(€lA({cf, aih)x) = ALE . xah) (€ (1.124)

An important point is that these are not real numbers. For instance, the expectation value of the
number operator is ), £¢; and this is not a real number. In contrast to the bosonic case, fermionic
coherent states are not elements of the usual Fock space. Nevertheless they are useful.
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Summary: Coherent States

Let |¢) be a coherent state for bosons or fermions. Like above, we introduce ¢ = 1 for bosons and
¢ = —1 for fermions. Then we have

cil ) = ¢ile). (1.125)
cilo) = 8@\@ (1.126)
(¥lg) = exp(z D) (1.127)

/DM exp(— Z Pi0i)|) (8] =1 (1.128)

tra= [ Diglexp(- 3 616 (ColAle) (1129)

— [ Dlolexp(- Y gien)(colnle) (1.130)

£(6°) = (Colf) (1131)

¢ = ai;” el = (o (1.132)

(6lAel, cle) = A6 vih) exp(3 1) (1.133)

The last expression is true for normal ordered operators only.

1.4 Gaussian Integrals

In the following we will often need to compute Gaussian integrals for complex variables or for Grass-
mann variables. For complex variables, one has

/D exp(— Zgb hi;j®; —I—Zz d)l—l—Zzl = [det H]™ Lexp Zz B ”zj (1.134)

where H = (h;;) is a matrix with a positive hermitian part. For Grassmann variables we have similarly
/D exp(— Zfz hii&; + Z X;&i + Zfz Xi) = [det H] exp( Z X; (H™ ’L]Xj (1.135)

Let us derive these two relations.

First for complex variables: If H has a positive hermitian part, the inverse H ! is defined. Com-
pleting the square as usual, we can introduce a new integration variable v; = ¢; — > j( 1)ijzj. The
left hand side of (1.134) becomes

/D exp(— ZT/)Z zﬂﬁ]*Z UZ] (1.136)
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1 Interacting Fermions and Bosons

Next we diagonalise H using a unitary transformation. Let U be this unitary transformation. The we

introduce ¢; = Zj(Ufl)ijwj. We obtain

D Wrhiy = higle (1.137)
i\j i
where h; are the eigenvalues of H. Furthermore, we have
AR dI¢; . 1
/w exp(—hidi i) = - (1.138)

which finally yields the desired result.
For Grassmann variables, one can do the same. The problem is, that up to now we have not
introduced substitutions of variables in integrals. Let us therefore treat a general integral

/D[E}f(&---&v,ff...&}*v) (1.139)

and let us introduce a transformation of the form & = Zj uiing, & = Zj u;;n;. The only non-
vanishing contribution in the integral over £ comes from the term in f which contains each variable
exactly once as a factor. Let us denote this last term fo [[; &€, Then, fo is the integral. Let us now
calculate

/D[n]f(fl(n)-.-&v(n),51‘(77*) EN()) = fo/D[n] TIO - wijn; >~ uieni) (1.140)
(N k
The polynomial expansion of the right hand side can be calculated. This yields
fo/D[n] > T wrneipmiy (1.141)

PP i

where the sum runs over all permutations. Now we can calculate the integral. We obtain

fo > (=DFTuwir d_(-D7]] ufp = fodet Udet Ut = fo (1.142)
% P’ 7

P

This means that substitutions in integrals over Grassmann variables can be done as usual. For the
Gaussian integral, one obtains in the end

/ dn; dn; exp(—hin;m;) = hi (1.143)

This finally yields (1.135).

1.5 Functional-Integral Representaion

In the following we want to deal with a system of interacting particles. We consider first systems
where the particle number is a good quantum number. Let us assume that we have a usual two-
particle interaction. Then, the Hamiltonian is of the form

H= Zeicz-ci + Z %7j7k7lcgc}clck (1.144)

7 ,5,k,l

The single particle contribution contains typically the kinetic energy and some single particle potential.
We assume, that this contribution can be diagonalised, and we chose the basis for the representation
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of the Hamiltonian such that it is diagonal. Furthermore, we assume that we have a finite system
where the single particle energies ¢; are discrete. Eventually, we may take the thermodynamic limit
in the end.

Having such a system, one typically wants to calculate expectation values of some operators A =
A({cl,¢;}). At finite temperatures, they are

(A{c},ei})) = 27 Tr{A{c], ci}) exp(~B(H — uN))] (1.145)
where § = 1/T is the inverse temperature, p is the chemical potential and
Z = Trexp(—B(H — uN)) (1.146)

is the grand canonical partition function of the system. The traces are calculated over the entire Fock
space. We shall calculate the traces using coherent states. We calculate first the partition function,
which yields directly some of the important thermodynamical quantities. We have

— [ Dlslexp(= 3 din)(Colexp(-(H — u))lo) (1.147)

The first problem now is that H and N are normal ordered, but exp(—p (ﬁ — uN )) is not. For small
values of € we have R R R R
exp(—€(H — uN)) =: exp(—e(H — uN)) : +0(€?) (1.148)

where : . : means that the expression is normal ordered. To see this, simply expand the exponential
on both sides. Next we write

M

exp(~B(H — pN)) = [exp(—L- (1 — V) (1.149)

We will choose M sufficiently large so that 5/M is small. Then, the term in the parentheses on right
hand side is normal ordered up to a small error. We now obtain

— [ Did)exp(= 3 616 (Col exp(— S (H — p¥)) . exp(— S —uf)l6)  (1150)

where the expectation value contains M factors. Between each pair of factors we put a 1 which we
write as

| Plélexp(= 3" éi0ie) 0] =1 (1.151)

Doing this, we have to change our notation a little bit. Since there are M factors,we need M coherent
states. The states are denoted by |¢y), k = 1,..., M. The variables |¢;) depends on are denoted by
¢i k- The first index denotes the single particle states, the second the coherent states. D[¢] is now the
integral over all variables ¢;  and qb;"k Furthermore, I introduce ¢g = (¢p5r. Then we obtain

= /D[¢] exp(— Y & xPik) H k| exp( —*(H ) |dr-1) (1.152)
ik k=1
Up to an error of the order O(M~2) we can use the formula (1.133). This yields

Z = lim Zy = lim [ D[¢|exp(—Sm[¢]) (1.153)

M—o0 M—oo

¥ o [ Pik — Pik—1 .
= D bk | T —mbike1 | + H{ g dik-1}) (1.154)
k=1 %
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where e = 3/M. Typically one introduces in the limit M — oo the function ¢;(7), where ¢; 1, = ¢;(ek).
Then we may write

bik — Pik—1 _ bi(ek) — di(ek — €) N d¢i(t —07T)

€ € or

M B
eZ—>/ dr (1.156)
k=1 0

(1.155)

and

B
st = [ ar (Z B1(r) (s — Wilr — 0%) + H({g5(7), (7 o*)})) (1.157)

7= / D[] exp(—S[#) (1.158)
i (8)=¢¢:(0)

These expressions are called functional integrals. We obtained a functional integral representation of
the original model Hamiltonian. Often, it is easy to perform calculations using these expressions. But
one should always keep in mind that (1.158), (1.157) are meant as limits of the expressions (1.153),
(1.154).

The problem is now to solve these integrals. We will do it first for the non-interacting system.

1.6 The non-interacting system

In a system without interaction one has
H=> ecle (1.159)
i

Therefore

G « [ Pik — Pik—1 ' .
Smlgl =€) D o | = + (= moin (1.160)

k=1 1

and the integral in (1.153) is a Gaussian integral. We obtain

M bik — b;
zZ = ]\}gnoo DI¢]exp <—€ZZ¢2‘,k (Zkem_l + (& — M)¢i,k1>)

k=1 1

M
= Jm I] [ Dloexy (—e I e u)@,kl))
A k=1

- n (iN-¢
A}@m[i[[det S (1.161)

where S is the M x M-matrix

1 0 —Ca
—a 1 0 0
, 0 —a 1 ' :
S — . (1.162)
0O —a - O
0 1 0
0 —a 1
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with 5
a=1-— M(eZ — 1) (1.163)
The entry —(a in the upper right corner stems from the condition ¢;9 = (¢; 1. We expand the

determinant and perform the limit M — oo. This yields

Jim det SO = lim 1= (~1)M((~a)"]
b Blei — )\ M
= ﬁf&b‘4<“‘Jw> ]
= 1—(exp(—B(& — p)) (1.164)

The partition function therefore is

Z =]~ Cexp(=Blei —m) ™ (1.165)

This is the well known result for free fermions or bosons. We obtain the corresponding expressions for
the occupation numbers as

(cle) = ng = 10lnZz 1
T T 0 exp(Ble—p) — ¢
and any further well known results for the free system can be obtained as well (see e.g. L.D. Landau,

E.M. Lifschitz, Theoretical Physics, Volume V, Statistical Physics, Chapter V).
For later purposes it is interesting to take a closer look on the last result. We obtain the identity

(1.166)

10InZz
B Oe;

(cle;) = (1.167)

by taking a derivative of the partition function Tr exp(—ﬁ(f[ — uN )), expressed by creation and
annihilation operators. The derivative can as well be written as calculated from

M
Z = lim [ Diglexp <—€ZZ¢Zk (w + (e — M)¢i,k—1>> (1.168)
k=1 1

This yields

a 1, (A
<9€Z¢ - I\Jh—r>noo Dlg [_€Z¢ kPik— 1] exXp (*EZZ:M <¢ £~ Pikt + (e — M)¢i,k—1)>
(1.169)

;ag;z 5/ dr (6t (r) (1 — 0F)) (1.170)

Here, —0" in the argument of ¢ denotes that the argument of ¢ has to be infinitesimally smaller than
that of ¢*. This will be important later. We shall see that the expectation value (¢} (7)¢;(7')) has a
discontinuity at 7 = 7.

There is another important point to mention here: The expectation value of the particle number
for fermions in a coherent state is ¢;¢;, which is no real number. Nevertheless, we can calculate it
using the above expression and coherent states.

Later, we need expectation values of the form

(67 (T);(7")) (1.171)
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and other expressions containing several fields as well. To calculate such an expression, we define a
generating function for them:

M
/D exp (—e S ik <¢Z k ~ Pk + (€6 — M)¢z‘,k—1> + Y (Jidik + Ji,kéf,k))

k=1 1 k=1 1

(1.172)

Using the generating function one gets

« i 02 Zn(J*,J)
(DikPil) = = —F7e 7 (1.173)
Zyr 8Jj716Ji,k o
and in the limit M — oo
. C(r—1") 82Z(J*,J) C(r—7")0%In Z(J*, J)
(07 (T) (7)) = AT = - (1.174)
Z  8JH(T)6Ji(T) o 6J7(1")0Ji(T) o

Z(J*J) = lim Zy(J*, J) (1.175)

Here, several remarks are necessary. For fermions, the variables J;j and J ), are again Grassmann
variables. Therefore the order of the derivatives with respect to these varlables is important. The
expression exp(—e ZQ/[: 1 ---) is a product where factors with larger k come first, with smaller k later. If
in (1.173) I < k, the factor ¢}, occurs before the factor ¢;;. The two factors have to be permuted. For
fermions an additional minus sign occurs. For [ > k the sign does not occur. Therefore we introduced
Ck,; which is ¢ for k > [ and 1 otherwise. Similarly we have {(7 —7') = ( for 7 > 7" and ((7 —7/) =1
otherwise.

It is clear that the generating function can as well be used if one wants to calculate expectation
values of expressions containing more than two fields.

For the free system, it is not difficult to calculate Zy;(J*,J). It is a simple Gaussian integral. First
of all we have for the free system

=129, %) (1.176)
where
- Pik — Pik -
i) ok . N ik — Pik—1
Z0(J¢,Ji) = lim [ Dlg]exp (—e;m <€ + (& — 1) ik- 1) +kzl T ik + szzk))
(1.177)
This integral is of the form
/D[¢]exp Z ¢zk‘s’kl¢zl+z 1k¢zk+‘]zk¢zk) (]‘]‘78)
k=1
and yields
[det §@]~¢ exp( Z S (SO ki) (1.179)
k=1
Therefore we obtain y
Zu (T, ) = Zur [ Texp( Y Jip(S9Nkadia) (1.180)
i k=1
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and furthermore

Gt 0% Znr(J*, )
Zu 0T 0Tk |, .

= Gabi (S (1.181)

(i kdit) =

Here, a factor (;; occurs. The reason is that we have first to take the derivative with respect to J; x,
afterwards with respect to J]’-‘l, both factors occur in the reverse order in the product. Therefore,
together with the factor (;; in the first term, a second factor ¢ occurs and (; ;¢ = (; 1. The inverse is

CCLM_I CCLM_Q Ca
a 1 CaM—1 Ca?
2 3
a a 1 Ca
SH-1 ! - ¢ . 1.182
T 1 Cat : .2 (1.182)
M3 : CaM—2
GM-2 M-3 1 CaM-1
GM-1  M-2  M-3 a 1
where a =1 — %((—:Z — p). Therefore we obtain
. Calfk
(b 1 Bj1) = 5@3‘@ (1.183)
for I > k and
. aM+1—Fk
(b5 kBj1) = 5@3‘@ (1.184)
for I < k. In the limit M — oo, this yields
(7 (1)8;(7')) = 6 jCexp(—(ei — p)(7 — 7))(O(7" — 7) + (ni) (1.185)
The above expression
1 B
ng = 5/ dr {6 (7)di(r — 0F) (1.186)
0
can be calculated as before. The expression
gi(t —7') = Cexp(—(e&; — u) (T — 7)) (O(7" — 1) + (ny) (1.187)

is called the single particle propagator.
Expectation values with more than two fields can be calculated similarly. We need such expressions
below. An expression of the form

(05, ()05, (72) - - 05, (T0) D5 (1) b5y (T 1) - - D5 (1)) (1.188)
can be calculated using the derivative

52n n Z(J*, J)
5‘]1*1 (7‘1) ... (5:];; (Tn)(sjjn (quz) cee 6Jj1 (T{)

(1.189)
J=J*=0

As before, the calculation is done for finite M and at the end we perform the limit M — co. Taking
first the derivatives with respect to all J;;(7'), we get for each derivative a factor >, J¥; (S D=1y, 0.
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The derivatives with respect to J; act on these factors, since all other contributions vanish at the end
when we let J = J* = 0. This means that in all these expression we may connect always a variable
Jji with a variable J; and replace them by a contribution i ;(SY (- l)kl This holds as well for the
variables ¢} & and ¢;;. Therefore, we obtain

(07, (T1)875,(12) - . &7, (Tn) D5 (7)1 (Th 1) - - 5y (1))
= > T (M) iy (T ) (1.190)
P k

This result is often called Wick’s Theorem. In the present calculation, it is a direct consequence of
the fact that Z(J*,J) is a Gaussian integral.

1.7 Perturbation Theory

The results for the non-interacting system can be used to obtain structured perturbative expressions
for the interacting system. We first discuss the perturbation expansion for the partition function.
Perturbative expressions for correlation functions can be obtained in a similar way. The partition
function of the interacting system can be written as

o~ o (P — @ S
Z = lim [ D[¢]exp <_€Z¢;k <Zk€”€_1 (€ — 1) bik— 1> EZV {‘b;ka¢i,k1})>
k=1 k=1

M—oo

M
= A}linoo Zo,M <€XP <—€Z V({5 ¢z‘,k1})> >
0,M

k=1

)

B

= Z <exp <—/ dr V({; (1), di(1 — 0+)}))> (1.191)
0 0

where the index 0 at Zy and (.)o denotes the non-interacting system. V({¢:(7),¢i(r —07)}) is a

general interaction. A meaningful physical ansatz for the interaction is the Coulomb interaction or

similar two-particle interactions. The exponential function in the last term can be written as a series;

this yields the perturbation expansion:

<exp <—/Oﬁd7v<{¢;(7),¢i(7—o+)})>>0 _ i%/ﬂﬂdﬁ.../fdm

n=0

(V{7 (1), 0i(r1 = 0} ... V({7 (), 6i( — A1)}

For a concrete form of the interaction the right hand side becomes a sum of expectation values for
products of variables, which can be calculated using Wick’s Theorem.

In principle, the perturbation expansion can be calculated for any many-body interaction. In the
following, we restrict ourselves to two-particle interactions, which have the general form

V({¢i (), di(r —0")}) = % D Vigkadi (185 (7)di(r = 01) g (m — 0) (1.193)
i,7,k,l

I assume that Vj ;1 is either symmetric (for bosons) or antisymmetric (for fermions) in the first two
and in the last two indices. The n-th term in the expansion is then of the form

B B
2"n' Z Z H Vimimkmlm / dry .. ./0 dm, <¢;‘1(7'1)¢;f1 (11 — 01y, (11) Py (11 — 0T) . ..

i1j1k1ly injnknln ™

b5, (Tn)d)}kn (Tn) b1, (T — 07 ), (700 — 0K1>194
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The expectation value can be written as a sum of products of the form (¢*¢). Exactly one ¢* and
one ¢ belong to a pair. The expectation value of the pair is called a contraction. The sum runs over
all possible combinations of contractions. Each contraction (¢} (7)¢;(7')) yields a factor §; jgi(T — 7').
The total sum can be represented in a graphical form. This representation goes back to Feynman, the
diagrams are called Feynman diagrams. There are various ways to introduce Feynman diagrams. We
choose one to show the main principles, for others we refer to the text books.

A matrix element V; ;1 is represented as a point with four lines, two incoming and two outgoing
lines. Each line gets an index ¢, j, k, or [. The lines belonging to ¢ and j belong to creation operators,
these are the outgoing lines. The incoming lines have indices k or [, they belong to annihilation
operators. A term of n-th order contains n such points. The lines of these points are now connected
in such a way, that each outgoing line meets an incoming line. Each point gets an index 7. Each
line now corresponds to a factor (¢} (7)¢;(7')) = gi(t — 7'), where 7 and 7’ belong to the indices
of the two points connected by that line. The line has one index ¢, the original two indices of the
incoming and outgoing lines are identical due to the factor d;; in the expectation value above. Now,
an important point is that different combinations of contractions can belong to the same diagram.
These combinations of contractions differ only in the order of the indices T at the vertices. But, in the
above expression, we perform the integral over all 7. Therefore all the combinations of contractions
belonging to the same diagram yield the same contribution. The number of different combinations is
called the symmetry factor of the diagram. The rules for the diagrams and their contributions to the
sum are thus:

1. Draw all diagrams with m points and lines between them so that each line is oriented from
one point to another. A point can be connected with itself. At each point, we must have two
incoming and two outgoing lines. Two diagrams are different if they cannot be obtained from
each other by permuting the points. Mathematically, these diagrams are directed graphs.

2. Calculate the symmetry factor S of the diagram. To do that, each point gets an index 7. S is
the number of permutations of the indices which map the diagram to itself.

3. Each line gets an index i. For each line write down a factor g;(7 — 7’), where 7 is the index of
the end point of the line and 7’ is the index of the starting point.

4. For each point write done a factor V; ;;; where i and j are the indices of the outgoing and &
and [ are the indices of the incoming lines.

5. Sum over all indices of all lines and integrate over all indices 7 of the vertices from 0 to 5.

6. Multiply the result with a factor.
(—1)m2mens
2ne S
Here, S is the symmetry factor. n, is the number of pairs of equivalent lines. Two lines are
equivalent, if they have the same starting point and the same end point. nj, is the number of
loops in the diagram.

(1.195)

7. Adding up all these contributions yields the m-th order of Z/Zj.

It is instructive to calculate several examples using these rules. Doing that, one notices that many
calculations are easier if one calculates In(Z/Zp). The perturbation series for this expression contains
only connected diagrams. This fact is often called Linked Cluster Theorem. There are several possib-
ilities to prove it. The direct proof is to show that exp(sum of all connected diagrams) yields the sum
of all diagrams, thus Z/Z.
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1 Interacting Fermions and Bosons

1.8 Frequency and momentum representation

In most cases it is possible to calculate the above at least partially in frequency and momentum space.
If the system is translationally invariant, the single particle Hamiltonian is diagonal in momentum
space and the eigenfunctions are plane waves V12 exp(ikx). Here V is the volume of the system. For
simplicity we will use periodic boundary conditions. The single particle energies are denoted as €. In
a system where the single particle Hamiltonian contains only the kinetic energy, one has ¢, = k2/(2m).
In a solid, we can start with a lattice model, in that case € is given by the dispersion relation of the
lattice.
For the interaction, one has due to momentum conservation

Vk1k2k3]€4 (S8 V_15k1+k2,/€3+k4 (1196)

The functions ¢ and ¢* are either periodic (bosons) or anti-periodic (fermions) functions of 7.
Therefore we may write

1 ) -
ge(t—71) = 5 Z exp(—iwn (T — 7)) gr(wn) (1.197)
where
~ B
Gr(wn) = / dr exp((iwn — (e — 1)) 7)[O(7) (1 + Cng) 4 CO(—7)n]
0
1
e 1.198
R —r (1.198)
For bosons one has w, = 2”7”, for fermions w, = w They obey exp(ifw,) = (. Due to the

(anti-) periodicity, each vertex contains a factor dw,, +wn, wny+wn,» Where wy, and wy, belong to the
two ¢* and wy, and wy,, belong to the two ¢. The rules above may now be rewritten. One obtains:

1. as above.
2. as above.

3. To each line associate an index k. Momentum conservation at each vertex restricts the possible
values. In a diagram with m vertices, we can choose m + 1 values k for the lines independently,
the others are fixed due to momentum conservation. To each line we associate a frequency. Here
as well, in diagrams with m vertices we may choose m + 1 values for w, the rest is fixed due to
the factors du,,, +wn,.wn,+wn, fOr each vertex. Each line yields a factor gi(wn). For lines which
connect one vertex with itself, we need an additional factor exp(iw,n). At the end, we take the
limit  — 0F.

4. For each vertex, we add a factor Vi, kyksk,- Since momentum conservation has already been taken
into account, the factor oy, 4k, ks+k, can be dropped.

5. Take the sum over all k (or V(27)~¢ [ d?k) and the sum over all w,.
6. Multiply the result with an additional factor =™, where m is the number of vertices.

Since each vertex contains a factor 1/V and each sum over k yields a factor V, the final result contains
a factor V™ where n. the number of connected components of the diagram. Due to the Linked Cluster
Theorem, In(Z/Zy) is the sum of all connected diagrams and therefore oc V. It is an extensive quantity
as it should be since the logarithm of the grand canonical partition function is up to a factor —1/4
the grand canonical potential.
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1 Interacting Fermions and Bosons

1.9 Calculating Greens Functions

Greens functions can be calculated using a generating function. This is similar to the non-interacting
system. The generating function can be defined in a similar way. It is

B
GU\) = o [ Dlexs (— | o [Z¢:<T><§T—um(f—o*)+H<{¢z<7>,¢i<r—o+>}>]>

B
e </0 dr S TE )G — 0F) + 61 (7) i — o+>1>

i

B
_ <exp (—/0 dr S [T (r)di(r — 07) +¢f(T)Ji(T—O+)])> (1.199)

%

Here (A) is the expectation value of A in the interacting system. The Greens functions are derivatives
of G(J*,J). The calculation can be done again using perturbation theory.

Single particle propagators

Let us now calculate expressions like

(7 (T)e5(7)) (1.200)

The corresponding perturbational series contains diagrams with two outer lines, one incoming and one
outgoing corresponding to the two ¢(*) in the propagator. Since this expression contains a division by
Z, only connected diagrams occur. The rules are similar to the ones above:

1.

4.

5.

Draw all different connected diagrams with 2 outer lines and m vertices. One outer line corres-
ponds to ¢*, it ends at a vertex. The other one corresponds to ¢ and starts at a vertex. Two
diagrams are different if they cannot be mapped onto each other by a permutation of inner lines
and vertices. For each diagram we do the following calculations:

Each vertex gets an inner index 7. Each line gets an index [. For each inner line we write
a factor g;(, — 77,), if it runs from 74 to 7;. The incoming line yields a factor g;(7 — 74), the
outgoing line yields a factor g;(7; — 7’), where 7 is the corresponding inner vertex. For m = 0
one has only a factor g;(7 — 7').

For each vertex write down a factor Vj,;,1,;, where I and [ are indices of the outgoing, I3 and
l4 are indices of the incoming lines.

Now take the sum over all [, the integral over all 7;.

Multiply the result with a factor (—1)™(™t where ny, is the number of loops.

Since the outer lines are fixed, there is no symmetry factor S.

Generating function for connected Greens functions

Next, one may want to calculate higher order Greens functions like

(05, (T1) 07, (72) 85, (75) b5 (1)) (1.201)

In 0-th order Wick’s Theorem yields

(07, (1) 07, (12)Djp (T2) 05, (T1))o = (@7, (1) 5, (71))0(7, (72) 4 (T2) )0
— (&7, (1) B4, (73))0( 05, (T2) D5, (T1))o (1.202)
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1 Interacting Fermions and Bosons

The perturbative expansion contains contributions where the interaction occurs only in one of the
factors (¢*¢). Clearly, there are also terms where the interaction is between two factors. This can
easily be seen if one draws the corresponding diagrams. One finally obtains

(07, (T1)97, (12) 655 (13) 050 (1)) = (&5, (T1) 5, (T1))(97, (72) b5 (13))
— {85, (T1) 5 (12))(97, (72) 65, (11))
+ (85, (11) 87, (72) B2 (72) 85, (1)) (1.203)

Here, the contribution (¢7 (71);, (72)j, (73)®;, (11))c is the sum of all connected diagrams. The other
contributions have already been calculated.

Similarly, all higher Greens functions with more than 4 fields can be decomposed into a connected
part and unconnected parts that are in turn composed of lower ordered connected diagrams. It is
therefore suitable to calculate a generating function for the connected parts only. Similarly to the
series for In(Z/Zp) which contains only connected diagrams, we can show that

\]

W(J*,J) = InG(J*, ) (1.204)

contains only connected diagrams. An easy way (but not rigorous) to show that is the replica trick.
Here, one first looks at the diagrams contributing to G(J*, J)" for natural numbers n. To do that, one
introduces n copies ¢, and ¢, of the original fields ¢ and ¢*. A connected component contains only
fields with the same index « since there is no interaction of fields with different indices «. Therefore,
each diagram contains simply a factor n"*¢, where n. is the number of connected components of that
diagram. Let us now perform the continuation to real n and calculate

0
* = lim — )" 1.2
W(J*,J) lim nG(J ,J) (1.205)
Because of the limit n — 0 all contributions vanish where the power of n is larger than 1. Therefore
W (J*,J) contains only diagrams with ng = 1, i.e. only connected diagrams.

Effective potential, effective action...

There are several generating functions similar to W (J*, J) which contain essentially the same inform-
ation and are better for one or another reason. I will only mention two of them, the construction of
others is similar.

In W (J*,J) the arguments J* and J play the role of sources. They can be compared to the role of
the magnetic field as an external source in the case of a spin system. The free energy depends on the
external source. It is defined as

Fh) = —;TT exp(—BH({S:}) — h - Z S;) (1.206)
The magnetisation is given by
M = _825?) (1.207)
In statistical physics, one often uses instead of F'(h) the Legendre transform
G(M) = il}}f(F(h) + Mh) (1.208)

Often, one calculates G from M (h) by inversion h(M) and G(M) = F(h(M)) + Mh(M). From
G(M) one gets F'(h) back by a similar Legendre transform from M to h. Both contain the same
information. The advantage of G(M) compared to F'(h) is the better analytical behaviour. In the
case of a ferromagnetic phase transition for instance, M (h) jumps as a function of h at h = 0. F(h)
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1 Interacting Fermions and Bosons

has no first derivative at h = 0. In contrast, G(M) is a smooth function of M, for the ferromagnet it
is simply a double well potential.

Similarly, we can calculate the Legendre transform of W (J*,J). For finite values of J, J* the
expectation values

@i (1) = (0i(T))ga+,  @5(T) = (&5 (7)) 10" (1.209)

are finite. The Legendre transform is
L(e*0) = -W(J",J) - Z/dT[W;(T)Jj(T) +J7 (7)p;(7)] (1.210)
J

where on the right hand side J and J* are functions of ¢ and ¢*. This quantity is often called the
effective potential.
A second function, which is useful as well, is the effective action. It is defined as

Gepr(¥*, ) =In <exp(— / drV[* (1) + ¢* (1), ¢(7 — 0F) + (7 — 0+)])> (1.211)

0

It plays an important role in renormalisation theory of interacting Fermi systems.
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2 Fermi Liquids

The theory of Fermi liquids goes back to Landau. This theory was developed without any connection
to the field theoretic methods. Instead, it uses the concept of quasi particles. This concept has been
proven to be useful in many different areas of many-particle physics.

In this chapter we first introduce the concept of Fermi liquid theory and derive several physical
properties of Fermi liquids. Then we use the methods from the last chapter to show, how Fermi liquid
theory can be derived from a microscopic model. Furthermore, we shall see, which instabilities may
lead to a breakdown of the Fermi liquid.

The book of Pines and Noziéres [59] is an excellent introduction to the theory of Fermi liquids.

2.1 Quasi Particles

Starting point is a gas of non-interacting spin—% fermions with N particles in the volume V. The
kinetic energy of a particle is % Due to Pauli’s principle, there are only two fermions in a single

particle state described by a wave vector k. The states are filled starting from k = 0. The system is
isotropic, the states are filled if |k| < kp. Here, kp is the Fermi wave vector, given implicitly by

N= > 2 (2.1)

|k|<kr
The total energy is
k2 -
k,o
where
n(k,o) = 0(kr — |k|) (2.3)

Let us now assume that we perturb the system a little bit. If the perturbation is small, it leads to a

—

small variation of the occupation numbers dn(k) and therefore to a small change in energy

SE=)Y" 5-on(k, o) (2.4)

If |k| is far from kp, the cost in energy is large. Therefore we may assume that dn(k) is small or
vanishes for |k| far away from kp.

Now the interaction is turned on. A Fermi liquid is a Fermi system in which the low lying excitations
are similar and evolve from the low lying excitations of the free system adiabatically if the interaction
is turned on adiabatically. It may happen, that this concept even fails for arbitrarily small interac-
tions. This happens for instance, if the interaction is attractive, in which case the system becomes
superconducting and the ground state is a BCS-state or something similar. Although Fermi liquid
theory leads to some stability criteria, it is not possible to derive such an instability from the theory
itself. This can be done only via a microscopic derivation of the theory. In the following we assume,
that such an instability does not occur.

Typical excitations in a non-interacting Fermi system are particle-, hole-, or particle-hole excitations.
Following the general idea of a Fermi liquid, we assume that in the interacting system, the elementary
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2 Fermi Liquids

excitations can be described as in the non-interacting case. They can be described by changes 5n(l€, o)
of the occupation numbers. This leads to the concept of quasi particles. It is clear that the interaction
yields an interaction between the quasi particles as well and that therefore these quasi particles have
a finite life time. We assume that close to the Fermi surface the life time is long enough so that the
concept of the quasi particle is applicable.

Following this reasoning, originally Landau’s, we therefore make the ansatz

SE — Z on(k, o) -|- — Z f(k, o,k 0" on(k,o)én(k, o) + O((6n)?) (25)
k.o kk 0,07

for a small change in energy. The higher order terms will be neglected in the following. We assume
that there is no external magnetic field so that the energies e% do not depend on the spin. The
interaction shall be symmetric with respect to spin, so that it depends only on o - ¢’. Let us now
consider elementary excitations which do not depend on o. The energy of an elementary excitation is

OF
sn(k)

e(k) = =€+ v Z f(k o,k o"on(k). (2.6)

k./ /

Yoo f (E, o,k o ) does not depend on o. Since the quasiparticles evolve adiabatically from the original
particles, the quasiparticle energy has a step for |k| = kp. For finite temperatures one has

. 1
n(k) = = 2.7
" exp(B(e(k) — p)) +1 27)

This equation is a self consistency equation for n(k), since (k) depends on n(k).
Since the interaction depends on o - ¢’ it can be written as

fk, ok o) = f(k,K) + 400 (k, k') (2.8)
or . . L. oL
f(k:,a, k,aal) = fO(kvk/) +5U,U/fe(k7k/) (2'9)
where
fo=f—¢ (2.10)
fe=2¢ (2.11)

We use the standard notation where the general interaction coefficient, the spin-symmetric part and
further below also the projection of both to the Fermi surface are denoted by f. They can be dis-
criminated by the different arguments. o and ¢’ assume the values :I:%. In most cases it is sufficient

to know the interaction for values k and & close to the Fermi surface. In the isotropic case, we may
assume that the interaction depends only on the angle 6 between k and k’. Then we have

flk,o k' o) Bl [k = f(0,0,0)
f(0) + 400’ $(0)

(e 9]

= Y (f1+400'¢1) Py (cos0) (2.12)

L=0

The orthogonality of the Legendre polynomials

2L +1
2

/ Pr,(cos @) Prs(cos8)d(cos0) = 6, 1/ (2.13)
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L 2L +1 / f(k, K
= d$2 Pr,(cos @ g
{ oL i LoD ik, )
In many cases it is sufficient to know the coefficients fr and ¢y, for small values of L. It is then possible
to reduce the theory to a theory with very few parameters. In contrast, in metals, one has a lattice

and isotropy breaks down. In that case one needs to know f(k, k") and ¢(k, K ) on the Fermi surface.
The theory then becomes more complicated.

yields

(2.14)

|Rl=IF|=kr

2.2 Equilibrium Properties of the normal Fermi Liquid

A fundamental parameter of the theory is the effective mass, defined as usual

=up (2.15)

-

|k|=kp

m* k

£k

Close to the Fermi surface we have

k
€)=+ (k—kp)mi (2.16)
Experimentally the effective mass can be obtained through the specific heat.
Specific heat
Starting from
1 OF
- - = 2.17
v Tvor|, 217)
we obtain for a small change in temperature
5E on(k, o)
cy = —
Z (5n orT
on( k:,a
= v Z T
on(k,o) e —p  Oleg — )
= — 2.1
Zk86ﬂ<T+6T (2.18)

The term ) 7, f(k,K)on(k) in ez is O(T?) and can be neglected. Therefore we may set ez = 2.
for the non-interacting Fermi system we obtain

O
>
n

1
cy = gm*kpk%T (2.19)

Typically m* is larger than m. For liquid He at normal pressure one has m* = 3m. But there are
as well so called heavy fermion systems, materials like CeCuySia, UPts, CeAls, where m*/m is of the
order 102 to 103.

Effective mass and interaction

The fact that the effective mass is not equal to m occurs due to the interaction. m* must therefore
depend on the interaction. There are various ways to derive this relationship. We shall use Galilean
invariance. To do that, consider a system that moves with a small velocity 00 = dk/m. The energy
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2 Fermi Liquids

of the entire system of N, particles due to this motion is dE = (N.m)(d%)?/2. This energy can be
calculated as well using

0E = e%n(k,o) + 57 Z f(k o,k o"on(k,o)én(k,o") (2.20)
E,U k K 0,0

where 6n(k, o) = n(k + 6k, o) — n(k, o). The first term yields

> (ko) = > eln(k+ ok, o) —n(k,o0)]

— —

k,o k,o

2
L (2.21)

and the second

% Z f(EaU K. o )5n(k U)(Sn(k: 0
E,E’,o,a’

= % Z f(lz,a, k/,g’)[n(k—i—dlg, o) — n(k, o)k + ok, ') — n(K, )]

k,/;’,a,a’
1 7 (A 2 oay, ,

= 5 > J(E0 .00k - R)OF - K)d(k — ke )S(K — kr)
E,E’,U,U’

= 2(;/) 4/k;2dde /k/2dk/dQ/f(E,U, E’,U/)(cSE'15)(5/3-/%’)6(16—@)5(!4;’—@)
T

2
= V(Sk k:F/ dcos@/ d(cos @) f(0 —8') cos cos 0’

Vk} X
= —0k 2.22
8md fl ( )

For the step from the second to the third line, we write n(k + 6k,o) — n(k,o) = 6k - Vgn(lg, o).
7. 0n(k,o)
ok

Using isotropy, one has VEn(E, o) =k , where kis a unit vector in the direction of k. At

low temperatures ko) o, —0(k — kp), since n(k,o) is a step function. Using the particle density
= ©2m)3Y, [Bk0(kp — k) = k3./(37?), we obtain
kr . 6k?
LS (2.23)
Both expression must lead to the same §F so that
1 1 kr

Often one uses the notation

Fr, = prfL (2.25)
Zr = préL (2.26)
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where pr is the density of states at the Fermi level. Using

1
pr = VZ‘S(E%_”)
k,o

2
= 47T/k2dk: 6(6% — 1)

(2m)?
_ m;’;F (2.27)
we obtain o L P 029
m 3 ‘

Compressibility

Compressibility describes the change in pressure if the volume is changed. For a fixed particle number,
we have

1 oP oP

—=-V—==p— 2.29
N v~ "o (2.29)
Compressibility and sound velocity are related through
1
= — (2.30)
mpx

It is natural to assume that the compressibility depends only on the isotropic average of f (Ea, Ko ),
i.e.on Fy.
Since the free energy is an extensive quantity, we may write

F(T,V,N) = V{(T, p) (2.31)
and therefore OF of
P=———=- — 2.32
AT (2:32)
1 50
Z =2 =T 2.
=F 6pgf( ,P) (2.33)
From OF  Of(T,p)
NG
_ 9 2.34
ON op (2:34)
we obtain
1 20p
—=p°= 2.35
N (2.35)
The right hand side can be calculated using
- oF 1 - o -
e(k) = =+ = koK o)on(k 2.36
F)= s =ty 2 )on(F) (2:30)

B .o

for values k = kp, since u = €(kp). For the compressibility, isotropic values of dn(k) = dn(k) are

sufficient. Be0 ;
ou €k Okp / d’K —, on(k') Okp
— = —_— kr, k —_— 2.
5 = The Bp +; (%)31"( N e Op (2.37)
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. 0e? /
Using p = k3./(37%) and ,086]% = %F, furthermore aka = :ﬁa ag,i’;) = (k' — kp) we obtain
o k%«“ k%‘ kr / ' k%
— = — ds) f(6 = 1+ K 2.38
Pop = 3me T onyp 3 2 | 4000 = ZE (1 Fy) (2.38)
and finally
1 pk% pk% 1+ Fy
i 14+ F)) = £ 2.39
3m* (1+ Fo) m 3+ F ( )
This shows that x depends on Fj as expected and through the effective mass as well on F;. The
compressibility becomes infinite for Fy = —1, the entire system becomes unstable. Therefore we need

Fy > —1. This is a special case for the stability criterion Fy, > —(2L+1), Z;, > —(2L + 1), which can
be shown by other means.

Magnetic Susceptibility

Up to now we discussed only spin-independent perturbations. They are connected to the parameters
Fr. Now, we discuss spin-dependent perturbations. The most simple case is that of a small magnetic
field 0 H, which yields a small magnetisation §M. The magnetic susceptibility is given by xas = g—%.

The magnetisation is given by

1 1
M = pltt3) = pl—3) =23 ovlo) (2.40)
We calculate the magnetic susceptibility using the fact that the chemical potential does not depend
on the spin 0. Nevertheless, we introduce p(o) to be the chemical potential for fermions with spin o,
then we have

)

where the second term is the energy shift due to the external magnetic field and the third term is the

energy shift coming from the induced magnetic field. Because of ,u,(%) = ,u,(—%)

0
p(o) = po—odH + 2 Z 8§((5’) o' oM (2.41)

ou
0H =4 'sM 2.42
2 op(e)"” (24
1 ou
— =4 oo’ 2.43
XM ; dp(o’) (243
The calculation is similar to what we did above. We start with
- 1 . -
c(k,o) = e} —obh+ v Z fk, o, K, o"on(k o) (2.44)
k' o’
For k = kg, the left hand side must be u. Therefore
o Okp | O€} 3K’ . on(K, o)
= = O'O'/ 7a._\2 k; b 7k ) a7
ople) — 9p(o) [akF ot / ALl o
272 [kp kp
= o | by + ——(Fy + 400’ Z 2.4
K2 [m* oo + 5 (Fo +doo 0)] (2.45)
1 472 472
— = Z, 24
xym  kepm*  kpm* 0 (2.46)
kpm*
=—— 24
XM =002 (1 1 Zo) (247)

Again we obtain a stability criterion, namely Zg > —1. For liquid >He typical values for Z, are between
-0.67 for normal pressure and -0.76 at 27 atm. The system is close to a ferromagnetic instability.
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Stability

We mentioned already that Fy, Z;, > —2L —1 must hold for the Fermi liquid to be stable. Let us now
show that. The Fermi liquid is stable if £ — u/N assumes a minimum. We therefore calculate

§(E = puN) = (e — pon(k, o) + W > fk 0K o")on(k,0)on(k o) (2.48)
E,o‘ k,o‘,E’,a’

for general (5n(E, o). We assume isotropy and low temperatures. Only fluctuations close to the Fermi
surface occur. They are of the form

196(kp — k)

2
S0k (0,0) (2.49)

sn(k,o) = 6(kp — k)okp(0,0) —

For first order of §(E — uN) in 0k (0, o) vanishes. The second order contribution is
SE—uN) = Lppd |3 / dcos 05kp (6, 7)?
8 [ea

4= Z/dcose/dcose’ FO—0)+400"$p(0 — 0'))dkp(0,0)dkp(0',0") |(2.50)

Expanding
Skp(0,0) Z(SkL )PL,(cos 0) (2.51)
we obtain
=) = ook Y ka3 + Sk PO+ )
+[5kL(+%) - 5/%(—%)]2(1 + QLZi ) (2.52)

For a minimum, the right hand side must be positive definite, therefore we obtain Fy, Z; > —2L — 1.

2.3 Microscopic Derivation

Standard perturbation theory
Let us consider a typical, generic model of interacting fermions.
1
_ ot 2 S t . .
H= Z ekcl}',gck,a + ) Z Vkl,k27k31k4cglal Cﬁz7azck4,04ck3,03 (2.53)

E,O’ k1...ka,01...04

Perturbation theory to second order yields

. 1 . -
E = Zegn(k,a)Jri Y Vi ik o)k, 09)

k,o 15101,13202
1 Vi, o kol . . . .
+- Oz 172,08, n(ki,o1)n(ks, 00)(1 —n(ks,03))(1 — n(ky, o
1, 2 SRk D - kg g (o0 oa)( = s ou)(1 =l 00)
+0(V?) (2.54)
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For small variations of n(k, o) we identify

0 _ o
%o — T > Vi ig ko)

k1,01

1 Vi ks fois . . .
=Y 5 Lk ks iy o)) (1 = n(F, 09))(1 — n(Fs,
5 k+k1,katks 1 L (k2 + k2 — k3 7]{%)"( 1,01)(1 = n(k2, 02))(1 = n(ks, 03))

ki...ks,01...03

1 Vi, ks . . .
D) Z OF oo ity T L2 +1k:22 22 _kg)n(kl’gl)"(k%g?)(l — n(k3, 03))

ki...k3,01...03

+0(V?3) (2.55)

1 - .
vlhuonkeon) = Vi gk g,

1 Ve ool . .
_‘_7 6 1,R2,R3,~k4 1 _ k , 1 _ kf ,
92 Z k1+k2’k3+k4 1 (kQ + k‘2 k?Q) _ k‘z)( ’I’L( 3 03))( 7’L( 4 04))

k3,03,k4,04

1 A 2 >
+§ . Z 6k1+k2,k3+k4 1 (/{72 i kQ L2 _ kg)n<k3)03)n(k470'4)
k3,03,k4,04 3 4
5 ’ k17k3,k27/;4|2 E 1 E
D R TRk k:?)n( 3,03)(1 —n(ky, 04))
k3,03,k1,04 2m A1 3 2 4

+0(V?) (2.56)

In principle, such a calculation can be done. But one has to deal with all the typical problems of
standard perturbation theory, esp. small denominators. Furthermore, one has to sum up many terms.
Typically, one takes the thermodynamic limit and thereby replaces the sums of k by integrals. One
then derives integral equations and solves them. A natural way to do such a calculation is to use the
formalism of chapter 1. We will not go through all the details but only sketch the main lines of what
has to be done.

Self energy

In analogy to the non-interacting propagator in the translationally invariant system we let
* 1 .
<¢,;’U(T)¢;;‘,J(T')> =3 ZGXP(—ZOJn(T —7)Gr ,(wn). (2.57)
Wn

For G,;o(wn) we may use a perturbative expansion. G,;U(wn) is the sum of all closed diagrams with

two external lines. This sum can be simplified by introducing (%, zZ;n) via

1
(wn) = = . (2.58)
€ — M — iwy + X(k, iwp)

Gi o

S (K, iwy) is called self energy. Expanding this expression for G i, (wn) yields
0 r

G o(wn) = Y (1) Gg(wn) [Z(F, iwn)gi(wn) (2.59)
r=0
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2 Fermi Liquids

This shows immediately that E(E, iwy, ) can be expressed diagrammatically as the sum of all amputated
single-particle-irreducible (or 2-connected) diagrams with two external lines. Amputated here means
that the factor gp(wy,) for the external lines is dropped. Single-particle-irreducible (or 2-connected)
means that the diagram remains connected if we cut an arbitrary line.

If we know the single particle propagator or equivalently the self energy, we are able to calculate
the single particle energies. To do that, we use a continuation of the single particle propagator onto
the complex plane and introduce real frequencies w in both quantities:

1
R4y =+ _ (2.60)
k.o € — b —w+X(k,w) Fin
To do that, one typically writes
G. - /°° d’ p(h, o) (2.61)
ko | 21 W —iwy, '

and replaces iw, by w. This continuation is not unique. Since exp(iw,f) = ¢, we may multiply G
with a factor ¢ exp(iwy3), without changing anything. This multiplies G#/4 with a factor ¢ exp(wf).
But Gf/4 are the retarded and advanced Green’s functions. The asymptotic behaviour for large w is
well known, it should be o |w|_1. This additional condition makes the continuation to the complex
plain unique.

The singularities of GF/4 yield the single particle energies.

w=€p+ > (k, w) (2.62)

Therefore J . s o5 d

w w
- _ L e e 2.63
dk  m + ok + ow dk ( )
Since fTU/; = n{f one obtains for the effective mass
moxY\ )Y

* = 1+ —— 11— — 2.64
m m<+k8k> < &u) (2:64)

which has to be calculated for k = kf.
Therefore we must calculate ¥. Starting point is the representation of ¥ as a sum of all amputated
2-connected diagrams with two external lines. First order yields

- 1 5
DR = 35 20 Ve im i @) = D Vik BT, (2.65)

—

klwnl kl

This contribution does not depend on w,. It yields only a shift of the energy scale and therefore a
shift of the chemical potential. nj = n(ky) = 0(ep — €z, ) are here the occupation numbers and € are
the original single particle energies of the non-interacting system. With these assumptions, we obtain
first order perturbation theory. This result can be improved if we use

- 1
21(]€) = 57 Z VE,E17E7E1GE1 (wnl) = ZVE7E1,E,E1TZE1 (266)
k1

—

klwnl

instead of X}. The difference is that now the occupation number ng, is determined self-consistently.
This quantity then represents the Hartree-Fock approximation.
In second order, we obtain
- 1
/ _ R A =2
Ez(kawn) = B2v2 Z Vk7k17k7k1Vk17k27k1,k29k2 (wm)gkl (wm)
]Zl Wn gy 7’2270-’112
1 v v - -
Fve 2 Vekeke ki ViR R R iR 9n)g, @n)
El Wn gy 7]2270-7112

§§1+E2_E(Wn1 + Wny — wn) (2.67)
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2 Fermi Liquids

The first term again does not depend on w,,, but the second does.
Instead of the propagators of the non-interacting system we may introduce here the propagators of
the interacting system and calculate Yo instead.

Quasi particle energies

Now, we try to solve the equation w = ¢ + E(E,w), which yields the singularities of the Green’s
function. In first order we get a single solution which corresponds to the solution of the non-interacting
system. In second order, EQ(E,w) has singularities. The consequence of these singularities can be
understood in an artificial model, where ZQ(E, w) has only two singularities:

Sa(w) = + (2.68)

The Green’s function now has the structure

1
w — € — La(w)
(w—e)(w—e)
(w—eo)(w—e1)(w—e3) — Ar1(w — €2) — Ag(w — €1)

Go(w) =

For small Ay, As, which means weak interaction, we get three singularities close to €g, €1, and €5. The
sum of the residua is 1, the residuum of the singularity close to €y is almost 1, the two others are
small. In leading order we obtain for the residua

2 A
1 — T 2.69
> (2.69)
A .
S B .
) i=1,2 (2.70)

For the general system, something similar happens. The Greens function has singularities close to the
original single particle energies €z with reduced residua. The singularity close to €z is the energy of
the quasi particle in the Fermi liquid theory.

Interaction of quasi particles

The interaction between the quasi particles is a two-particle property of the system and cannot be
calculated from the single particle Greens functions. We therefore need the two-particle Greens func-
tions

(615, ()87 ()65, (78)05,, (70)) (2.71)

k1o

They can be written as

kio1 kooo

= (65, ()05, (1)) (07, (m)eg,, (7))
(G, ()65, ()0 (1), (7)) (272)

k1o kaoa

<<l5* (T1)9

kio1

(7287, (78)05,0, (70)) = (0 ()67, (1)) (67, (7)., (7))

*
kao2
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2 Fermi Liquids

where the last contribution is the connected part. The first two terms contain non-interacting quasi
particles. The third term yields the effective interaction. It can be written as

<¢Z“101(Tl)¢;£‘202(72)¢E303(7'3)¢E4U4(T4)>C = Z Zﬂ /dT{/dTé/dTé/dTi <¢]§101(71)¢Eio_i(7{)>

7103050% ]}"1];’2 34
(82, ()05, (1)) (07, (19)05,, (7)) {07, (), ()

2 /A
Fl(_c"l)v’l,lz’gvé,l;gﬂé,lgﬁdﬁ (71, T2, T3, T4) (2.73)
'@ is now the interaction of the quasi particles. In a perturbative expansion, I'® is in first order
the bare interaction. In general, I'® is the sum of all amputated, single-particle irreducible diagrams
with four external lines. In this sense it is similar to the self energy.
The above expression is general. If the system is translationally invariant, there are only contribu-
tions with E; = I;:}, o} = 0;. Furthermore, we introduce w,. The integrals can now be calculated, but
one still has to sum over wy,. Since energy is conserved, the sums are trivial and one finally obtains

r®

E1017E2027E3037E40_4 (wnuwnngng,awn;;) = 5K1+K2,K3+K4F0'10'20'30'4 (K17 K27 Kl - K3) (274)

which is also the definition of I'. Furthermore, K; = (wp,, /;Z) Ki — K3 is the momentum transfer due
to the interaction. Like the self energy, I' does not depend on the frequencies w, in first order, but
only in higher orders. This dependency can be interpreted as a retardation of the interaction.

The spin dependency can be simplified, if one takes into account the SU(2) spin symmetry. I' can
be written as

1
F01020304 (Kh KZ; K) - 5(6010350204 - 5010450203)F5(K17 KQ; K)
1
+ 5(5010350204 + 5010450203)1—‘75(K17 Ko; K) (2-75)

where I's is the singlet part and I'; is the triplet part of I'.

In Fermi liquid theory, one considers only effective interactions which depend on the small changes
(5n(E, o). This means that momentum transfer vanishes. For the quasi particle interaction it is
therefore sufficient to consider the contributions where K = (wy,, E) vanishes. Furthermore, we consider
the limit of small temperature, which means that it is sufficient to consider the limit w, — 0. And
finally we only need I' where l_f; are close to the Fermi surface, i.e. k; ~ kp. In this limit, I" yields the
effective interaction of Fermi liquid theory.

Let us take a look at the perturbation expansion of I'. First order is the original interaction. For
a momentum transfer = 0, it yields the first order of the quasi particle interaction as obtained before
using ordinary perturbation theory. Similarly, the second order contribution is the same. One can
improve this, if one replaces the propagators in the perturbative series by propagators of the interacting
system. I is then the sum over all two-particle irreducible diagrams. One obtains an integral equation
for I', which has to be solved. But the problem remains: perturbative expansions contain divergences
and expansions do not converge.
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3 Renormalisation

3.1 Main idea

We saw that perturbation theory leads to several divergences. A tool to deal with such divergences
is renormalisation. Renormalisation is not a specific method but merely a collection of several, but
similar methods, either analytic or numeric. Important is to understand the main idea. We treat as
an example an interacting, translationally invariant Fermi system.

7 = / D] exp (S[#", ) (3.1)

S[¢7.6] =D (iwn — € + m)dkcdx — V6", 9] (32)

K

where K = (wp, ]_5,0) is a multi index, which contains the wave vector, the frequencies w,,, and the
spin. The interaction is a generic interaction. In the first chapter of this course we saw that the
connected propagators can be calculated using the generating function

WIJ*, J] = In <eXp(—V[¢*7 o1+ (Jicox + <Z>*KJK))> (3-3)
K

0

simply by taking derivatives with respect to Jx and Jyz.. We use the notation

; J DI¢JA[¢", ¢] exp(}_ g (iwn — € + )P Px)
(Alo™, 9])o = : . (3.4)
J D@ exp (3 i (iwn — € + 1) P b))
for expectation values of the non-interacting system. The single particle propagator of the non-
interacting system is

C(K) = ; (3.5)
Wy — €+
and has a divergence at w, = 0 and €; = p, i.e. for the case which is the interesting divergence for
Fermi liquid theory. We expect that this divergence remains, probably shifted and with a reduced
residuum, and yields the quasi particle of Fermi liquid theory.
The main idea of renormalisation is simple. We introduce a cut-off A and perform all integrals in
the expression for W over fields ¢ and ¢j, for which [iw, — i + | > A. The remaining integrals can
again be written as

W[J*,J] = In <exp<—VA[¢*, 6,70+ > (Jkéx + ¢>};JK>>> (3.6)

K: |iwn —ep+p|<A A0
The non-interacting part now depends on A since the integration over some of the fields introduce
new quadratic contributions. Since the original system is translational invariant, the new quadratic
contributions are translational invariant and therefore diagonal. Therefore, the average depends on
A. The new interaction V) [¢*, ¢, J*, J] depends as well explicitly on A and on the fields Jx and J};
with |iw, — ep+ p| > A. In the new integral, divergences are shifted, since the single particle energies
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3 Renormalisation

€;; and eventually u as well are shifted. Since we are interested in propagators near the Fermi surface,
the fields Jx and Jj in Vi[¢*, ¢, J*, J] are uninteresting. We will never calculate derivatives with
respect to these fields. Therefore we may set them to 0 explicitly.

In a next step, we introduce a new cut-off A; and perform the integral over all fields ¢x and ¢7
for which |iw, — € + p| > Ay. This yields again a new Vi, and shifted single particle energies. We
iterate this procedure and finally obtain an effective theory which depends only on fields with small
values of [iw, — €5 + p|. This is now the effective theory we are looking for. A priori it is not clear
that the procedure converges. For special cases and for not too large interaction, one can eventually
prove convergence.

Let us mention that there are various technically different variants of the procedure described above.
Instead of a discrete series of steps one can vary the cut-off continuously. Instead of a hard cut-off as
described above, one can introduce a soft cut-off (these notions will be explained later). Instead of W
one can use a different generating function.

3.2 Effective action

For Fermi systems it is often easier not to use W but

Gersl™, ¢ = In(exp(=VI[o™ +¥%, ¢ + ¥]))g (3.7)

We mentioned that quantity already in the first chapter. We now discuss it in more detail. First of
all, we have

Zo (exp(~V]o" + 4", 6 +]))y = / DIg]exp(> iwn — e + m) o — V16" + 4%, 6 + )
K

— [ Dlolexp(3 i — e+ WG — i) 0k — vx) ~ V16", 9)

K
= exp()_(iwn — € + Vi)

K
< [ Diglexp(Y(iwn - e+ W)6icon ~ V169
K
= (iwn — e + ) (VK + PicdK))
K

= Zoexp(D_(iwn — e + Witk
K

+WI[C(K) Wi, C(K)"K]) (3.8)

and therefore

Ger ™, 0] = > Vi C(K) i + W[C(K) ', C(K) k] (3.9)
K

Since W is the generating function for connected propagators, one can show that Gy is the generating
function for connected, amputated propagators. Due to the factors C(K)~! in the argument of W
one multiplies the final result with a factor C(K)~! = (iw, — € + p) for each derivative one takes, so
that the factors C(K) for the external lines are cancelled.

Geyy is called effective action.

3.3 Renormalisation group equations for G/

In this subsection we derive the renormalisation group equation for the effective action. In contrast
to the above description for W we will use a continuous renormalisation.
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3 Renormalisation

Let us introduce the modified propagator

O (K
CMK) = __OaK) (3.10)
i — (e — 1)
Here ©5(K) is a cut-off function. The most simple case would be a hard cut-off, e.g.
ON(K) = Ole — 1 — o] — A) (3.11)

For analytical calculations a cut-off function which is differentiable might be more suitable. Then
we have a weak cut-off. For |e; — u — iw,| > A one has ©,(K) = 1 and CMK) = C(K). For
leg — # — iwy| < A one has ©5(K) = 0 and therefore CMK) = 0. T define

0] = In L DIeLexpl ZK¢K<0A< ) Lpr — Vo + 4, 6 + )
Gels I Didlexp(X x 93 (CYK))1ox)

For values of K with ©5(K) = 0 only ¢x = 0 contributes. Ge ¢ is then given by —V'. For values of

(3.12)

K with ©)(K) =1, Gé\ff is given by Gefy. Gé\ff interpolates between —V and Geyrs. The goal is to
derive a differential equation for Gé\f 7 which has the initial condition —V" and can be solved. We start
with

R R P .
Pl = F g | oSt + mevio) . (3.13)
/ Dldexp(3 3 (CAE) o + 3 icdrc + o)
K K
= exp(3 1 CA (i) / Dl exp(> 65 (CH(I) L 6r0) (3.14)
K K

The second equation can be written as

o . . B fD[¢]exp<zK¢;<<cA< )"oK + N (i dr + N b))
< P(;(UK¢K+77K¢K))>A’O = fD ] exp ZK¢K(CA( e 1<Z5K)
= exp(d_ niCNK)nx) (3.15)
K
This yields
exp(Ghy [0, ¥]) = (exp(=VI[o* + ¥, ¢ +9]))r0
S (—v (.fn 3?7 ) <exp<;<n;}<¢f< i) + (B + w}>>>> .
— o (- | e | ) exp(X e e+ e + mevic)
L A K K n=n*=0
I G A AU 9 ony 2 ) o : p
= p( V _8777377*_> p (; 8@01(0 (K)3¢;<> p(;(anK'i‘anK)) o
= ex i A 4 exp | — g i ex % b
- p(; SO M) w}) (=7 [ o)) e e i) .
= ex i A 9 exp (— *
— p(K 506.C (K)a@z);() p(—V [k, ¥x]) (3.16)
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and
0 0 0CMNK) 0
aAeXP( TR ) ;5%( ON v exp(Gly (0", 1)
finally
0 o 0CMNK) 0
Geff Za OA )8¢* effw ]
OGL, ([, 9] CN () 0G4 [0*, )]
eff eff
+; . A 003, (3.17)

This is the differential equation for Gé\f 5 we were looking for. It is an exact renormalisation group
equation. It is clear, that this equation cannot be solved in general. Often, a perturbative expansion
is used to solve the equation.

For a further treatment of this equation, one can expand Gé‘f 5 in monomials of factors ¥ x and ¥}
and derive differential equations for the expansion coefficients. In the present case it is easier to use
an expansion of the form

Gl plv™ 9] = Z( !

m:
m=0 Ki,...Km K!

oY GMEKLL KKy Ky

1 7Kl
0 0
exp ( ; %DA( 57/);() HwK (e (3.18)
h
where R R |~ Ox(K)
DMK) = C(K) — CMK) = Po— (3.19)
L

The derivative of Gé‘ff with respect to A yields two contributions, one due to the derivative of the
coefficient and one due to the derivative of D*(K). Since

ODMNK)  9CMK)
o OA

(3.20)

the second term yields a contribution which has the form of the first term in the renormalisation group
equation for Gé\ . This term does not contribute to the derivative of the coefficient. Only the second
term yields a contribution to the differential equations of the coefficients.

It is possible to write down the equations in a graphical form. This form is especially useful for
perturbative expansions. Only single-particle irreducible diagrams occur.

We now want to derive the equations to lowest order in a perturbation expansion. The lowest order
which yields a contribution to the derivative of G2 is O(V?). We start with a two-particle interaction,
therefore all coefficients G, with m > 2 vanish initially. These coefficients are at least of order O(V™)
with m > 2. In O(V?) it is sufficient to take into account only the coefficients G». We obtain

0
oA

A !
D (K7) GA(KI,KQ,K K'GYK,K'; K, K>)

GA(KlaK27K1aK2 = - Z
K,K'

_GS(KL K’ Kla K,)GS(Klv Kév K7 KQ)
+ G Ky, K; Ky, K')GY (K', K1; K, Ko) (3.21)
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Since GY = —BLVF(Q) this can be directly written as an equation for I'®):
0 1 (DM K)DMK')) 1
a*AF(Z)(KLKéaKLKz) = BV > (DX 8)A ) §F(2)(K1>K§;K7 KK, K'; Ky, Ky)

K,K'
—I'O(K! K K, K'\I'®(K' K} K, K>)
+TO (K, K K1, KYTO(K' K. K, KQ)] (3.22)

Further simplifications occur if translational invariance and spin symmetry are taken into account.
We introduced already the quantities

e

K101, Fa0a F308.Facs (Wnl 5 wnzawn3awn4) = 6K1+K2,K3+K4F010203a4 (Kla Ko K1 — K3) (323)

1
F010'20'30'4<K17K2;K) - 5(5010350204 - 6010450203)1—‘5([(1)[(2;[()
1
+ 5(5010350204 + 6010450203)Ft(K1¢ Ks; K) (3.24)

where now K contains only k and wp. The equations for I'y and I'; are

a 3
a—AFa(Kl,KQ;K):Z > Ch B (K1, Ko K) (3.25)

r=1a’,a'=s,t

1 Z a(DA(KI - K/)DA(K2 + K/))F ’(K]_ KQK/)F //(Kl—K/ K2+K/K—K/)
a ) ) a ) )

1
1l K, Ky K) =
Ba Ne% ( 17 27 ) 8A

(3.26)

(K')DMK' + K))
OA

A
62/701//([(1,}(2;[() = —ﬂl‘/za(D Fa/(Kl,K/;K)FaH(K/—‘rK,KQ;K) (327)
K’

(K'"\DMK; — K1 + K’ + K))
OA

Xran(KQ - K +K+K/,K1;K2 + K —Kl) (3.28)

5 1 (DA ,
B3 (K1, Koy K) = 572 Lo (Ky, K'; Ko+ K — KY)
K/

cl.=cCl, =1, C(]);7a/,a// = 0 otherwise (3.29)
1 3
C%,=-C3, = T c:.=-C3 = 1 otherwise (3.30)
) 1
CZ, =03 = T C2.,=03 . = 1 otherwise (3.31)

In general it is not possible to solve these equations analytically. Furthermore, there it is not at all clear
that the results do not diverge. It is well known that for sufficiently low temperatures, a divergence
occurs which leads to a superconducting instability. The Fermi liquid becomes a super-conductor.
This effect is called Kohn-Luttinger effect. It was found by Kohn and Luttinger [31] in a second order
perturbative calculation in 1965 and can be treated in a mathematically rigorous way (see a series of
work by Knorrer, Trubowitz, Feldman, Sinclair, Salmhofer [9, 62, 10, 63, 11, 12], for a mathematical
and comprehensive introduction I refer to the book by Salmhofer [64]). But one can show as well that
for weak interaction and not too low temperatures the renormalisation group equations yield a finite
solution: the Fermi liquid.
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3.4 The Hubbard model I, Renormalization

The Hubbard model is a lattice model for electrons with a short range interaction. The Hamiltonian
is
H = Z tz yca: oCy,o t+ U Z Ng AN, | (3.32)
x,y,0

For a translationally invariant lattice with a single energy band we can transform to momentum space
and obtain

H= Z Gy R +*Z%ww st (3.33)

Kk G
where N, is the number of lattice sites. We discuss general results for this model later. In this
subsection we show results of a renormalisation group calculation for the Hubbard model in two
dimensions. The results we show have been taken out of the work by Halboth and Metzner [20, 21].
Similar results have been obtained by Wegner and coworkers using continuous unitary transformations
[18, 22]. Until today, many further results, not only on the square lattice have been obtained, see e.g.
the review [45].
Starting point is the Hubbard model on a quadratic lattice with

ep = —2t(cos kg + cosky) — 4t'(cos ky cos ky) (3.34)

Here —t is the nearest neighbour hopping, i.e. the value of ¢, , for neighboured lattice sites x and y.

—t" is the matrix element for next nearest neighbours. For all other distances one has ¢, , = 0. The

€;; can be drawn as lines with constant energy in the (kg, ky)-plane, see figure 3.1.
The interaction is
Vig*, ¢l = N D Girbi PR QubK Q1 (3.35)
K,K'Q

Initially, the matrix elements do not depend on K, K’, and Q. In the following, the idea is to derive
renormalisation group equations and to solve them numerically. This is done in momentum space. We
need several assumptions and approximations. Details are discussed in the course and in the original
work by Halboth and Metzner [21, 20].

1. First we need a discretisation in E—space. If we choose a discretisation with N points in E—space,
we obtain equations for O(N?3) couplings. N must therefore not be too large, a typical value is
N = 16.

2. We neglect the dependence of I' on w,.

3. Since N is small and since we need precise results close to the Fermi surface, we choose the
points in k-space for the discretisation on the Fermi surface. During the calculation, we need
values of I" with indices not on the Fermi surface. Therefore we need a projection method which
maps these values to values on the Fermi surface. For large A this is exact since I' is constant
anyway. For small A we have only values of I' with indices close to the Fermi surface and this
approximation should be good as well.

4. Close to the edges of the Fermi surface there should be more points of our discretisation.

The approximation due to the discretisation is
Fé\(l_{;lv EQ; _’17 EIQ) ~ F§<EF17 EFZ; ElFl, EFl + EFQ - E/Fl) (336)
Instead of kr we use the angle which fixes the direction of kp. One obtains

T2 (kp1, kro; Koy, kry + kg — Kiey) = T2 (1, do; 6)) (3.37)
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Figure 3.1: Lines of constant energy e in the Brillouin zone for ¢’ = 0 (a) and ¢’ = —0.16 (b).
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Figure 3.2: The discretisation on the Fermi surface. The numbers are used later as indices.
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3 Renormalisation

The discretisation that has been used is shown in figure 3.2.

Numerically one calculates the effective interaction and with the help of it several susceptibilities
to obtain physically meaningful results. If one of the susceptibilities diverges, this is a sign for an
instability of the Fermi liquid. The susceptibility directly yields the type of instability. The following
susceptibilities are taken into account:

1. commensurate anti-ferromagnetic spin susceptibility xg(m,7),

2. incommensurate anti-ferromagnetic spin susceptibilities xs(¢) with ¢ = (7 — §,7) or ¢ = (1 —
0)(m,m). Here § =1 — N/ Ny is the doping, the distance from a half filled band.

3. commensurate charge susceptibilityxc(m, ) ,
4. Various singlet pair susceptibilities for s wave pairing (form factor d(E) = 1), modified s-wave

pairing (d(k) = (cos kzj— cosky)/V/2), d-wave pairing dy2_,2 (form factor d(k) = (cosk, —
cosky)/v/?2) and dyy (d(k) = sin k, sin k).

The results we show have been calculated for U = t. The susceptibilities are divided by their values for
U = 0 All results are for densities close to half filling and for small values of #. In the next chapter we
shall see that the Hubbard at half filling is an anti-ferromagnet. The anti-ferromagnetic state should
be stable close to half filling. This is shown by the results in figure 3.3. But for lower densities, the
anti-ferromagnet becomes unstable. Due to the Kohn-Luttinger instability the system may become
super-conducting. This is indeed the case, see figure 3.4. On can see that the spin susceptibilities first
grow but then remain constant for smaller values of A. Instead, the susceptibility for d-wave super-
conductivity dominates. If one performs similar calculation for various parameter sets, one obtains
a phase diagram shown in figure 3.5. Figure 3.6 finally shows the critical A., where the divergence
occurs.

It is possible to perform similar calculations for small ¢’ # 0 as well. Results are similar, the area
where the system is anti-ferromagnetic is smaller.

A first impression one gets from these results is that the Hubbard model is never a Fermi liquid. It
is either a anti-ferromagnet or a super-conductor. The reason is that the results shown here hold only
for low temperatures. For higher temperatures the super-conductor becomes unstable. Only at half
filling one may expect that the anti-ferromagnet remains stable for somewhat higher temperatures.

On the other hand it should be made clear that all the calculations presented here have a systematic
problem. The renormalisation group equations have been calculated up to second order. This is
justified if the interaction is small. But here, we obtain a divergence. Close to the divergence, the
interaction is no longer small.

This problem occurs in almost all approaches to the Hubbard model. Often it is not clear whether
an approximation is valid or not. A complete picture can only be obtained if several independent
approaches are used and if they yield consistent results. Furthermore, exact results are important
land marks.
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3 Renormalisation

Figure 3.3: Flow of the singlet functions I'} for different values of k. The values are the discretisation
points in figure 3.2. Only the most important couplings are shown. The figure below shows
the susceptibilities. Calculations are done for ¢ = 0 and u = —0.005, which corresponds
to a density slightly below half filling. The system shows an anti-ferromagnetic instability.
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Figure 3.4: Parameters as in 3.3, but p = —0.02.
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Figure 3.5: Phase diagram for the Hubbard model with small interaction U and close to half filling,
t' = 0, as obtained from the numerical renormalization group calculations.
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3 Renormalisation

Figure 3.6: The critical A, where the divergence occurs.
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4 The Hubbard model

This chapter is taken from [53]. The emphasis lies on rigorous results for the Hubbard model.
The Hamiltonian of the Hubbard model is given by

H = Hyip + Hint = Z txycLUcy’U + Z U;,;CLTCLCNCIT (4.1)
z,yeV,o T

The model was proposed independently by J. Hubbard [25] for the description of transition metals,
by J. Kanamori [28] for the description of itinerant ferromagnetism, and by M.C. Gutzwiller [19] for
the description of the metal-insulator transition. In Chemistry, the model is popular as well, and was
introduced ten years earlier [58, 60]. Under the name Pariser-Parr-Pople model it has been used to
describe extended m-electron systems.

Typically, one assumes that the vertex set V forms a translationally invariant lattice and that U,
is independent of x, i.e. U, = U. But more general settings are possible. Especially in the quantum
chemical context, V' is just a general graph, ¢;, and U, depend on the lattice sites.

On a regular lattice, one often assumes nearest neighbour hopping, i.e. t;, = t for nearest neigh-
boured sites, | — y| = 1, tz = 0 otherwise. Sometimes, a next nearest neighbour hopping tg, =t/
for |x — y| = 2 is introduced. In Sect. 3.4 we saw that such a next nearest neighbour hopping may
change the physical behaviour of the system drastically.

For small U and in two or more dimensions, one expects that the Hubbard model describes a Fermi
liquid. Typically, one is interested in the case where the model describes strongly interacting electrons,
i.e. correlated electrons. In that situations, the interaction U is as large as or larger than typical values
of tgy.

For a general overview on the Hubbard model and on correlated Fermions in general I refer to the
book of Fulde [15]. An overview on rigorous results for the Hubbard model can be found in the article
of Lieb [40], an overview on ferromagnetism in the Hubbard model in [72].

4.1 Symmetries of the Hubbard model

The Hubbard model has several symmetries:

Gauge symmetry:
el — exp(ia)c Cro — €xXp(—ia)Cyo (4.2)

xo)

The Hamiltonian remains invariant if this transformation is applied. As a consequence, the particle
number N, = > clacm is conserved. This is a generic property of almost all models in condensed
matter theory which describe fermions.

Spin symmetry: With the help of the Pauli matrices
0 1 0 —i 1 0
ax—<1 O)’ Uy_<i O)’ Uz—<0 _1> (4.3)

1
Sa,a: = 5 Z Clg(aa)o,o’cma’a =1,z S, = (Sa:,xv Sy,ac; Sz,a:) (44)
o,0’

we define local
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4 The Hubbard model

and global spin operators.

Sa=> Saz S=(S5y,5:) (4.5)
Often one uses )
S =S, %iSy, Si=3 S clicay, So=51 (4.6)

n
These operators form an SU(2) algebra. The Hamiltonian commutes with these operators, it has a
SU(2) -symmetry. We have
[Sz,Sy| =S, (4.7)

H, S? and S, can be diagnosed simultaneously. We denote the eigenvalues of $? as S(S + 1), where
S is the spin of the eigenstate. S o< Ng, i.e. an extensive value for S means that the state is ferro- or
ferri-magnetic.

Particle-hole transformations: Using the transformation

I (4.8)
the Hamiltonian becomes
H—-H = Z t ycmc;;g + Uz:cjﬁcuc;rgi LT
z,y,0
= - Z tmycyacw + UZ TcggT CL¢le)
z,y,0
= =2 taycloeye + UZ chrchycaeat +U(V] = Ne) (4.9)
z,y,0

|V'| is the number of vertices.

Thus, the particle hole transformation is not a symmetry, but it can be used to obtain eigenstates
from other eigenstates.

For a bipartite lattice, i.e. a lattice, which decays into two sub-lattices A and B so that t;, = 0 if
both z and y belong to the same sub-lattice, it is possible to introduce the following transformation:

e, =l ifreA o ifreB (4.10)

Tro

— —cl,

This transformation changes the sign of the kinetic energy. Applying this transformation together
with the particle-hole transformation at half filling (i.e. N, = |V|) maps the Hamiltonian onto itself.
Thus, we have another symmetry for this class of lattices, a particle-hole symmetry.

The transformation (4.10) alone is of some importance since it can be used to change the sign of
the hopping matrix elements. Typically, it is assumed that ¢,, < 0 is the natural choice of the sign, at
least for nearest neighbours. For bipartite lattices the sign can be changed. In general, the assumption
tzy < 0, although popular, has no compelling reason. [37]

On bipartite lattices at half filling, one can use the particle-hole symmetry to obtain a second SU(2)
symmetry. The generators are

S, = ;( —|vD, Sy = Z Cchxi Z chcu, _ = SL (4.11)
€A reB
These generators can be obtained from the original SU(2) generators by performing a particle-hole
transformation together with a transformation of type (4.10) for spin down only. The model has thus
a SU(2) x SU(2) = SO(4) symmetry at half fillings. In discussions concerning high temperature
superconductivity, even an approximate SO(5)-symmetry has been proposed.
The additional symmetry of the Hubbard model on a bipartite lattice at half filling (N, = |V]) is
essential for several of the rigorous results which are valid in this case. The two most important is
Lieb’s theorem [36], see Sect. 4.2.1, and the uniform density theorem, Sect. 4.2.5.
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4 The Hubbard model

Lattice symmetries: On translationally invariant lattices, the model has the symmetries of the lat-
tice.

The one-dimensional case: The one dimensional Hubbard model has an infinite set of invariants.
A special form of the Bethe ansatz yields exact eigenstates of the Hamiltonian. This was first shown
by E. Lieb and F. Wu [39]. The ground state is part of that Bethe ansatz eigenstates. Not all the
eigenstates of the one-dimensional Hubbard model are Bethe ansatz states. But it was shown by Essler,
Korepin, and Schoutens [8], that for even |V|, where the lattice is bipartite, all other eigenstates can
be obtained by applying the operators Sy, S, to the Bethe ansatz states.

For an exactly solvable model one should expect an infinite set of invariants. A first attempt to
find those is a paper by Heilmann and Lieb [23]. Later Shastry [65], Olmedilla and Wadati [57], and
Grosse [17] presented a large set of such invariants.

The one-dimensional Hubbard model has been investigated by many people, the literature is vast,
and a complete overview would be a course in its own. I will not discuss the one-dimensional Hubbard
model in this course.

4.2 Some rigorous results

Most of the rigorous results on the Hubbard model concern the magnetic behaviour in the ground
state, i.e. at T'= 0. I discuss the most important rigorous result in the following subsections.

For each of the theorems mentioned below I try to explain the main idea of the proof. For the
mathematical details I refer to the original papers.

4.2.1 Lieb’s Theorem

In 1989, E. Lieb [36] proved an important theorem and an even more important corollary on the
Hubbard model. The theorem is about the attractive Hubbard model. It holds for arbitrary hoppings
tzy, with the only assumption that the graph of the hopping matrix is connected. The interaction U,
may depend on x.

Theorem (Lieb 1989) Let H be the Hamiltonian in (4.1) with real t,,, the graph of T" = (t,,) should
be connected, and negative U, < 0. Let the particle number N, be even. Then, the ground state
is unique and has a total spin S = 0.

For the proof, I refer to the original paper by Lieb. He uses a technique called spin reflection positivity.
For some details see the remarks below.

On a bipartite lattice, using a particle-hole transformation for spin-down only, together with a
transformation (4.10), the kinetic energy remains the same but the signs of U, are switched. In that
way, one can obtain a result for the repulsive Hubbard model. Since S, with the above transformation
transforms to S, one obtains a result for S, = 0, i.e. N, = |V|, i.e. half filling. Therefore, the
following corollary holds

Corollary Let H be the Hamiltonian in (4.1) with real ¢, the graph of ¢, should be connected and
bipartite, and positive U, = U > 0. Let the particle number N, = |V|. Then, the ground state
is unique in the subspace S. = 0. The total spin is S = || A| — |B]|.

The last statement S = }||A| — |B|| does not follow directly from the theorem because the theorem
makes no statement about S. It can be understood in two ways.

The first is to look at weak interactions. For a bipartite lattice, the spectrum of T' = (tgy)zyev is
symmetric with respect to 0. For any eigenvalue € there exists an eigenvalue —e. Half filling now means
that for arbitrary weak interaction all single particle eigenstates with energies ¢ < 0 are completely
filled with two electrons and that the eigenstates with € = 0 are filled with one electron. For the latter,
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4 The Hubbard model

Hund’s rule [50] applies which means that all electrons have the same spin. The degeneracy of the
eigenvalue 0 is ||A| — |B||, therefore we obtain the a total spin S = %||A| — |B]|.

The second idea is to look at strong interactions and to use a unitary transformation exp(R) to
transform the Hamiltonian to a form where the number of doubly occupied sites is conserved. The
ansatz is

R = Z Siﬂvy,gclc,acyﬂ (4'12)

x,y70-

We assume that U is large and expand exp(R)H exp(—R) to obtain
1
H — Hint + Hyin + [R, Hint] + [R, Hyin] + 5[37 [R, Hing]] + -+ (4.13)
The kinetic energy Hyi, can be written as
Hyin = Hyin,o + Hiin,1 (4.14)

Hyin o does not change the number of doubly occupied sites, Hyi, 1 changes it by £1. We have

Hkin,l = Z tzy(nm,—a - n'y,—a')20j;7o—cy’0' (415)
x7y7o-
We choose R so that
Hyin,1 + [R, Hint] = 0 (4.16)
This yields
1
H — Heg = Hing + Hyinp — 5[37 (R, Hing]] + - - - (4.17)
We have
[R7 Hint] =-U Z Tx,y,o’(n:c,—a - nﬁy,—a)cjc,gcy,a (418)
"E7y’o-
and therefore
_ tay
T%%U - U (nx —0 ny,fo) (4.19)

Let Py be the projector onto states for which each site is occupied by one electron, which is the ground
state at half filling and U arbitrarily large. If we restrict the Hilbert space to these states, we get

H.; = P,RHRP,
= UPR*Py
t Tt oyt
= UPR Z %(nw,,g — ny,,g)clpcyp Z %(nx/ﬂ,/ - ny/7,(,/)cl’g,cy/7U/P0

z,Y,0 z'y o’

= _*PO E txy xacyach/CzU’PO

z,y,0,0"

_ i 1 2
= —Po g txy ) Ucy70/cy7g,cz7gP0 - — Zt 2y
n,n

~
7y7U U

2t2,
— ZTstyPO

7y

1 2
+—= P() Z t:cy IJCI (;C;S(T,Cy7 1Py — ﬁztxy

7y?0- U

2t3,
= >y = i —S, .S,y (4.20)

z,Y
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4 The Hubbard model

This transformation is of importance in its own. It shows that the Hubbard model at half filling
and for large U can be mapped to the anti-ferromagnetic Heisenberg model. For the corollary above
it has the consequence that the total spin of the Hubbard model at half filling and for large U is the
same as for the Heisenberg model, therefore S = $||A| — |B]|.

Since the ground state is unique for all U, it is sufficient to know the total spin S for small or large
U, due to the uniqueness it cannot change.

Lieb’s theorem suggests anti-ferromagnetism or ferrimagnetism (depending on whether the two sub-
lattices A and B have the same size or not) for the Hubbard model at half filling. But, whereas for
the anti-ferromagnetic Heisenberg model long-range order was proven in two dimensions in the ground
state and in three dimensions for sufficiently low temperatures, there is no proof for long-range order
for the Hubbard model up to now. The methods to prove long-range order for the Heisenberg model
cannot be applied to the Hubbard model. The simple reason is that the Hubbard model is richer much
more complicated and allows for a much larger number of phenomena. Nevertheless, many results
including the renormalisation results (see Sect. 3.4) indicate the existence of long range order for large
U.

Lieb’s proof uses the fact that for an even number of fermions, there is always a ground state with
S, = 0 due to the SU(2) spin symmetry. This means that the ground state can be written in the
form ¢ = 3" s Waptha11s,| where ¢hq, form a orthonormal basis of multi-particle states with N /2
particles with spin o. Since t,, and U, are real, one can assume that the matrix W is self adjoined.
The expectation value of the Hamiltonian in the state ¢ can be written as a quadratic form E(W)
in W and it can be shown that for non-positive interactions E(W) > E(|W|). |W]| is the positive
semi-definite matrix satisfying W2 = |W|2. Tt is then easy to see that the ground state corresponding
to [W| has S = 0. The uniqueness is shown by assuming that a second ground state with some W
exists. Then, R = |[W|— W is a ground state as well. Some lengthy but easy to understand argument
which uses the fact that the graph of 7" is connected then shows that W = £|W| and therefore that
the ground state is unique. Compared to many other proofs, Lieb’s proof is very elegant and compact,
only somewhat more than one page in a letter. I recommend to read it to everybody.

4.2.2 The Mermin-Wagner Theorem

The term Mermin-Wagner Theorem is usually used for a huge class of theorems which state that for
lattice models in one or two space dimensions with a continuous symmetry, like an SU(2) symmetry,
there is no long range order at finite temperature. Originally, Mermin and Wagner [44] showed in
1966 that in the one- or two-dimensional Heisenberg model there is no long-range order, neither anti-
ferromagnetic nor ferromagnetic. This result was extended to the Hubbard model by Walker and
Ruijgrok 1968 [75] and by Ghosh 1971 [16]. Further, Hohenberg [24] showed 1967 that there cannot
be superconductivity or long range crystalline order in one or two dimensions. The proof for the
Hubbard model was considerably simplified and somewhat extended by Koma and Tasaki [32].

The original proof by Mermin and Wagner
Mermin and Wagner consider the Heisenberg model

— > JeySe Sy —h>  Suzsa (4.21)

z,ycVv zeV

with a magnetic field h in z-direction. For the ferromagnetic case they choose s, = 1 for all z € V,

for anti-ferromagnetism they choose s, = +1 for the two sublattices of the antl—ferromagnet The

interaction has to be of finite range. We write s, = exp(—zK 7). For the ferromagnetic case, K =0.
For a two-dimensional lattice with lattice sites V' they show that

const. 1
T1/2 ’ In |h”1/2

(4.22)
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and in one dimension

const.
’SZ’ < T2/3 ’h“Q/S (423)
where s, = S, /|V] is the z component of the total spin per lattice site.
To show these result, they make use of the Bogoliubov inequality.
1
§<[A7AT]+><[[C, H],CY) > kpT|([C, A])? (4.24)
Here, (X)is the usual expectation value at finite temperature, i.e.
1
(X) = ET?”X exp(—(H) (4.25)

where 5 = 1/kpT is the inverse temperature and Z = Trexp(—FH) is the partition function. The
Bogoliubov inequality holds for any operators for which the expectation values are defined.
To prove the Bogoliubov inequality, we first introduce

/
. w;
(A, B) = (il Alj) (il Blj) 2 (4.26)
r E; — E;
Here, i denote the eigenstates of H, E; are the eigenvalues, and w; = Z !exp(—BE;). The sum
excludes pairs of states with the same energy. First, note that

Wi Wi Lgon .
0< E—E, < 25(10, + wj) (4.27)
and therefore )
(A, 4) < 55(A, AT]) (4.28)

Further, (A, B) satisfies all the properties of an inner product and therefore fulfils Schwartz inequality
(A, A)(B,B) > [(A,B)? (4.29)

The Bogoliubov inequality now follows if one chooses B = [CT, H].
Let us now apply the Bogoliubov inequality to prove the Mermin-Wagner theorem. We assume
translational invariance and introduce the Fourier transformed quantities

S(k) =" exp(— (4.30)
eV
E) = Z exp(—iE- (7 — 70) Jox (4.31)
eV

for some arbitrary lattice site 0. 7, is the vector pointing to the lattice site . The back transformation
is

S, =7 Zexp ) S (k) (4.32)

acy |V| Zexp - Ty))J(E) (433)

where the sums are taken over the first Brillouin zone.
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4 The Hubbard model

We now use Bogoliubov’s inequality with €' = S, (k) and A = S_(—k — K). We obtain

IS+ ). S (R =Ry = [VERsTs. { o SLIE) = I~ B
i
-1
(S (ROSAR) + 418, SR + s b4

The term in the curly bracket can be estimated by

L T N 4
|V\|2Jm(1 exp(ik rx)ZeXp( ik" - 7)) (S, ( k)Sz(k)+4[S+(k: ), S—(—K")] + 5 hs.
X k/

i V
<[V Z |Jz|(1 — cos(k - 7)) S(S + 1) + ’2’h8z

1 -2 2
< SIVIRZ =2 el kS (S +1) + hs.] - (4.35)

xT

Replacing the curly bracket by this upper bound and summing over k one obtains

1
S(S+1) > zk;BTszm SIS +1)Y 7P Ju|k? + hs.] (4.36)
i zeV

Taking the thermodynamic limit, we replace the sum by an integral over a sphere that is entirely
contained in the first Brillouin zone. The we obtain in two dimensions

5 _ const. w

=< TpT Wt w/lhs]

3 (|hJw)*”?
< t. 4.38
. <2kBTtan1(w/|hsz|)_1/2 (4.38)

S

(4.37)

and in one dimension

which, for small |h| yield (4.22) and (4.23).

Generalisations

Already Mermin and Wagner noted that their proof can be extended to show the absence of long-
range crystalline order in one or two dimensions. Walker and Ruijgrok 1968 [75] and Ghosh 1971
[16] extended the result to Hubbard type models, i.e. electrons moving on a lattice with a short-
ranged (screened) Coulomb interaction. Further, Hohenberg [24] showed 1967 that there cannot be
superconductivity or long range crystalline order in one or two dimensions.

The Theorem was extended to yield limits for the correlation functions. The result by Mermin
and Wagner only show that there is no long-range order. More interesting is to understand how the
correlation functions decay. The most general result is by Koma and Tasaki. Their proof uses a
different method to proof the bounds, which was first used by McBryan and Spencer [43].

Theorem (Koma, Tasaki 1992) For a Hubbard model in one and two dimensions with finite range
hopping (i.e. tzy = 0 if the distance |« — y| lies above some finite value) in the thermodynamic
limit, the following bounds hold for the correlation functions

|z —y| =) for d =2

Tt
‘(C;UTCJCJ,CyJ,CyT)’ < { exp(—vf(B)lz —y|) ford=1 (4.39)
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—y|7fB) for d =2
S, -S.)| < |z — y|
I y>’—{ exp(—7f(B)|e —y|) ford=1

for some a > 0, v > 0, f(8) > 0 where (.) denotes the expectation value at inverse temperature
B and f(5) is a decreasing function of S which behaves like f(8) ~ 1/8 for f > [y and

F(B) =~ (2/Bo)|In(B)]| for B < By. By is some constant.

This result rules out long-range spin-order or superconductivity at finite temperatures in one or two
dimensions. The power laws for d = 2 are certainly not optimal for high temperatures, where one
expects an exponential decay of correlation functions. But they are sufficient to exclude long-range
order.

Having a power law decay at low temperatures in two dimensions and an exponential decay at
large temperatures means that there must be a transition between the two. This transition is called
Kosterlitz-Thouless transition [43]. It may occur in two dimensions.

The interesting point of the proof of Koma and Tasaki is that it only needs a U (1) symmetry. Thus,
any lattice model with a U(1) symmetry in one or two dimensions cannot have superconducting or
magnetic long-range order at finite temperature in one or two dimensions.

The term Mermin-Wagner Theorem is usually used for a huge class of theorems which state that for
lattice models in one or two space dimensions with a continuous symmetry, like an SU(2) symmetry,
there is no long range order at finite temperature. Originally, Mermin and Wagner [44] showed in
1966 that in the one- or two-dimensional Heisenberg model there is no long-range order, neither anti-
ferromagnetic nor ferromagnetic. This result was extended to the Hubbard model by Walker and
Ruijgrok 1968 [75] and by Ghosh 1971 [16]. Further, Hohenberg [24] showed 1967 that there cannot
be superconductivity or long range crystalline order in one or two dimensions. The proof for the
Hubbard model was considerably simplified and somewhat extended by Koma and Tasaki [32].

(4.40)

Theorem (Koma, Tasaki 1992) For a Hubbard model in one and two dimensions with finite range
hopping (i.e. tz, = 0 if the distance |x — y| lies above some finite value) in the thermodynamic
limit, the following bounds hold for the correlation functions

— | (B) for d = 2
t o < |z —yl or
‘<C$TC$J’Cy¢CyT>’ — { eXp(_’Yf(,B)|$ o y|) fOI‘ d =1 (441)
— y|7f8) for d =2
S, S, < ‘x y‘ 4,49
18801 = { ot ol T =1 (4.42)

for some a > 0, v > 0, f(8) > 0 where (.) denotes the expectation value at inverse temperature
B and f(5) is a decreasing function of 8 which behaves like f(3) ~ 1/8 for f > [y and
f(B) = (2/Bo)|In(B)| for B < Bo. Bo is some constant.

This result rules out long-range spin-order or superconductivity at finite temperatures in one or two
dimensions. The power laws for d = 2 are certainly not optimal for high temperatures, where one
expects an exponential decay of correlation functions. But they are sufficient to exclude long-range
order. This means that a Kosterlitz-Thouless transition may occur. [43].

The interesting point of the proof is that it only needs a U(1) symmetry. Thus, any lattice model
with a U(1) symmetry in one or two dimensions cannot have superconducting or magnetic long-range
order at finite temperature in one or two dimensions.

The older proof of Ghosh [16] uses the SU(2) spin symmetry and the Bogoliubov inequality and is
easy to understand.

The result by Koma and Tasaki is more general, their proof uses a method developed by McBryan
and Spencer [43] for classical spin systems and its extension to quantum spin systems by Ito [26]. The
proof uses the fact that for an arbitrary observable A one has

Tr(Aexp(—BH)) = Tr(G(0)AG(0) " exp(—BG(0) HG(0) ™).
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G(0) is a local transformation. The right hand side can be bounded using some standard inequalities,
namely the Schwartz inequality stating that for hermitian matrices O and P one has

Tr(OP) < (Tr(0*O)Tr(P*P))'/?

and the Golden-Symanzik-Thompson inequality Tr exp(O+P) < Tr(exp(O) exp(P)). Suitable choices
for A and G(0) then yield the bounds.

In one dimension, with nearest neighbour hopping only, and for finite U,, the Lieb-Mattis theorem
[38] says that the minimal energy in the subspace with fixed spin S is strictly lower than the minimal
energy in the subspace with S + 1. This clearly rules out ferromagnetism in one dimension in the
ground state.

4.2.3 Nagaoka’s Theorem

The so called Nagaoka Theorem was actually first proven by Thouless [73] 1965 for some special
bipartite lattices. The proof of Nagaoka [55], only one year later, is more general and applies to non-
bipartite lattices as well. Therefore, the result is called Nagaoka theorem today. The most general
proof is due to Tasaki [68]. It states the following:

Theorem (Tasaki 1989) The Hubbard model (4.1) with non-negative t,,, Ne = |V| — 1, and a hard-
core repulsion U, = oo for all x € V' has a ground state with a total spin S = %Ne. The ground
state is unique except for the usual (25 + 1)-fold spin degeneracy provided a certain connectivity
condition for ¢;, holds.

This theorem is remarkable, because it states that there is a unique ferromagnetic ground state in the
vicinity of half filling, where an anti-ferromagnetic spin order is assumed to be present.

The proof of the theorem uses the Schwarz inequality to show that a ferromagnetic ground state
exists. To show the uniqueness, it uses the Perron-Frobenius theorem, which states that for a matrix
with only non-negative entries and for which the graph is connected (the matrix is irreducible), the
eigenstate with the largest eigenvalue is unique and has non-negative entries. The theorem can be
applied here by finding a suitable basis for the multi-particle Hilbert space of the Hubbard model. The
connectivity condition in the theorem ensures that the graph of the Hamiltonian in that basis obeys
the irreducibility needed in the Perron-Frobenius theorem. Essentially it states that by the hopping
of particles, arbitrary permutations of the particles can be realised. This holds for almost any lattice
except the one-dimensional chain.

The Nagaoka theorem made people believe that for many lattices, e.gq. as well for hyper-cubic
lattices, a large region in the parameter space (U large and a density close to but not at half filling)
exists where the Hubbard model has ferromagnetic ground states. But any attempt to prove that
failed so far. Instead, many variational calculations by various groups mainly in the early 90s showed
that the Nagaoka state is not very stable. Changing the conditions a bit, either putting more than
one hole in the system or lowering U causes the Nagaoka state to become unstable against single
spin flips, i.e. E(S = Ng/2 —1) < E(S = N./2) (for details see e.g. [66]). Exact diagonalisations
of small systems yield the same result. On the other hand, for some special non-bipartite lattices,
these calculations indicate that the Nagaoka state may be more stable and that a larger region in the
parameter space exists where the ground state is ferromagnetic.

4.2.4 Flat-band systems

A first example of a lattice having a flat band is a bipartite lattice with |A| = n|B|. A simple example
which Lieb [36] used as an illustration for his theorem is the quadratic lattice with additional lattice
sites on each edge. If there is only nearest neighbour hopping, the original lattice sites of the quadratic
lattice form one of the sub-lattices, say B and the new lattice sites form the second sub-lattice A.
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Figure 4.1: The kagomé lattice (red, dashed) as the line graph of the hexagonal lattice (black).

There are twice as many lattice sites on A than on B. Each elementary cell contains one lattice site
from B and two from A, in total three. We have thus a three band model. Since the lattice is bipartite,
the single particle spectrum is symmetric with respect to 0. There is one energy band in the centre
which is completely flat. The flat band causes the extensive magnetisation S = 1(|A| — |B|| = 3|B],
as we pointed out already in Sect. 4.2.1. Since this magnetisation is related to the existence of two
sub-lattices, the system is ferrimagnetic.

Two years after Lieb first examples of lattices with a flat band at the bottom of the spectrum were
published [47, 46, 48, 69, 54]. One class of such lattices are line graphs, the other are decorated lattices.
Since the construction of a line graph is elementary and since we need it later, we give a more detailed
description here.

Let G = (V,E) be a graph with a vertex set V and an edge set E. Any lattice can be regarded
as a graph. The lattice sites are the vertices and there are edges between two vertices if there is
a non-vanishing hopping matrix element connecting the two. If we allow only for nearest neighbour
hopping, the hopping matrix is (up to a factor t) the adjacency matrix A(G) = (aay)zyev of the graph.
agy = 1if {z,y} = e € E is an edge of the graph, 0 otherwise.

The line graph L(G) of a graph G is constructed as follows: The vertex set V(L(G)) of the line
graph is the edge set E(G) of the original graph and two vertices of the line graph are connected, if
the corresponding edges in G have a vertex in common.

Figure (4.1) shows an illustration of the construction of a line graph. Let G be a part of the
hexagonal lattice, as shown in black. Now we put a new vertex in the middle of each edge and
connect two new vertices if the edges of the original hexagonal lattice have a vertex in common. This
procedure yields a new lattice build of hexagons surrounded by triangles, shown in red. The new
lattice constructed that way is the line graph of the hexagonal lattice, it is called kagomé lattice. You
may take any lattice or even any graph G and construct the line graph in that way.

Let us now investigate the spectral properties of the adjacency matrix A(L(QG)) of a line graph. To do
this, we first introduce a new matrix B(G) = (bze)zev, ecE, the so called edge vertex incidence matrix.
The matrix elements b, = 1 if the edge e connects to the vertex x, by = 0 otherwise. Note that B
has [V columns and |E| rows. Except for a graph without loops or with only one loop, |E| > |V|
and the kernel of B has a dimension > |E| — |V|. The adjacency matrix of the line graph and the
incidence matrix of the original graph are related via A(L(G)) = B(G)!B(G) — 2. As a consequence,
—2 is a lower bound of the spectrum of A(L(G)) and becomes the lowest eigenvalue with degeneracy
at least |E| — |V| if |E] > |V|. In fact, one can show that the degeneracy is Ny = |E| — |[V|+1if G is
bipartite and connected, Ny = |E| — |V| if G is not bipartite and connected.

This fact can now be applied to a lattice. If G is a translationally invariant lattice with one or more
energy bands, L(G) is a lattice as well and the lowest energy band lies at energy —2¢ and is completely
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flat. A lattice which is a line graph, e.g. the kagomé lattice, has a lowest flat band. This makes it
easy to construct ground states of the Hubbard model, at least for N, < Ny. In that case any state
with all electrons having the same spin is a ground state, since this state minimises both the kinetic
energy and the interaction. This construction is indeed trivial. The interesting question is whether or
not there are other ground states and whether or not they can be characterised completely. This is
indeed possible for N, = Ny as the following theorem shows [46, 47]:

Theorem (Mielke 1991) Let H be the Hubbard model on a line graph L(G) of a two-connected
bipartite graph G or a three-connected graph G and let N, = Ny, U, > 0 for all . Then the
ground state has a spin § = % and is unique up to the (25 + 1) -fold degeneracy due to the

SU(2) spin symmetry.

The kagomé lattice is obviously an example for this theorem.

The original proof of the theorem uses some graph theoretical notions. We will not present it here
since later a more general and simpler result has been shown which does not use the notion of a line
graph.

On the other hand, let us discuss the single particle ground states with energy —2t¢ a bit further
since they serve for many easy illustrations we may need later. Let p be a self-avoiding closed path
(x1,2,...xy,) of even length n on G. It obviously translates to an even path on L(G). Let us now
construct the single particle state 1, (e) as follows. 1,(e) = 0 if e lies not on p. On p, P,(e) = £1 with
alternating sign for subsequent edges of G. It is easy to see that B, = 0. 1, is therefore a ground
state of A(L(G)) with eigenvalue —2. It can be shown that these states form an over-complete basis
of the eigenspace of the eigenvalue —2.

If G is a bipartite plane graph, like the hexagonal lattice, each face f is surrounded by a self-avoiding
path, let us call it f as well. Let F' be the set of faces. Due to Euler’s theorem, |F| = |E| — |V + 2.
One of the faces is the outer face of the graph, there are exactly |E| — |V| + 1 inner faces. It is easy
to see that the states 1y corresponding to the inner faces f are linearly independent. They thus form
a basis (not orthonormal) of the eigenspace of the ground state energy. Using this construction, it is
possible to construct all ground states for N, < Ny.

One year later, 1992, Tasaki [69] published a class of decorated lattices with lowest flat bands, for
which he proved a similar result. In 1993 [54], we investigated these lattices further and showed how
one can construct all ground states with N, < N, for these decorated lattices. We further showed that
for these lattices the characterisation of the ground states can be mapped to a percolation problem.
This allows to show that the system remains ferromagnetic with an extensive but not saturated total
spin S up to some critical density on that below that density the system is paramagnetic.

This construction is most easily understood for line graphs of planar bipartite graphs, see the
kagomé lattice in Fig. 4.1 as an example. For these graphs, the faces yield the single particle ground
state. The inner faces form a basis (not orthogonal). Neighboured faces of G have an edge in common.
Therefore, putting electrons with different spin on neighboured faces may produce a double occupancy
on that edge. This yields to a higher energy. To obtain a ground state, electrons on neighboured faces
should have the same spin. But if N, < Ny not all faces are occupied and one may form non-touching
clusters with total spins pointing in different directions. Constructing non-touching clusters of faces is
a percolation problem on the dual graph of G. This percolation problem has a percolation threshold,
above which one large extended cluster is formed. This cluster has an extensive spin, whereas all
other finite clusters have a finite spin. Therefore, above the percolation threshold the system is
ferromagnetic. The percolation problem is not the classical percolation problem since each cluster
with a spin S has a 25 + 1 fold degeneracy.

After 1993, more classes of lattices with flat bands have been found and investigated. A general
result, which covers all these cases, is available as well. It needs a condition on the projector p =
(Pay)zyev onto the space of single particle ground states [50, 49, 51].

Theorem (Mielke 1993, 1999) The Hubbard model with an Ny fold degenerate single particle ground
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state, Uy > 0, and N, < Ny electrons has a unique (25+1)-fold degenerate ferromagnetic ground
state with S = Ny/2 if and only if N, = Ny and p,, is irreducible.

The original proof of this theorem was complicated and used a special construction for a non-
orthonormal basis of single particle ground states. The later proof is simpler. First, the following
result is shown:

Theorem (Mielke 1999) The Hubbard model with a Ny fold degenerate single particle ground state,
Uy > 0, and N, < N, electrons has a multi-particle ground state with S < N./2 — 1 if it has a
single spin flip ground state with S = N,/2 — 1.

In other words: To prove stability of ferromagnetism it is sufficient to show that there is no single spin
flip ground state. This is indeed easy if N, = Ng and p,, is irreducible. Therefore, the first theorem
is a consequence of the second. Note that the second theorem is not trivial at all. For other lattices,
you may easily construct cases where a ferromagnetic state is stable with respect to single spin flips
but where it it nevertheless not the ground state of the system.

The last two results are very general, they hold for arbitrary lattices and arbitrary, even complex,
hopping matrix elements ¢;,. This is important because the flat band physics started to attract much
attention in the past few years for mainly two reasons. First, using optical lattices it is now possible
to investigate these systems experimentally. For instance the kagomé lattice was build using that
technique by Jo et al. in 2012 [27]. Second, people became interested recently in so called topological
flat bands. Here, the flat (often quasi flat) band arises from special choices for the phases of complex
tay-

In 2003, Tanaka and Ueda [67] showed that for the special case of the kagomé lattice, the ferro-
magnetic ground states remains stable if one introduces a special perturbation that yields a small
dispersion to the lowest flat band, provided U is not too small. Similarly, Tasaki [71] showed in
1996, that for some decorated lattices the ferromagnetic ground state remains stable. These results
are important because they indicate that flat band ferromagnetism is not something exotic like the
Nagaoka ferromagnet.

Another interesting question arises what happens if p,, is not irreducible. Batista and Shastry [6]
were the first to investigate an example for such a lattice, today many examples are known. One can
show the following general results [52]:

Let p have the following properties:

1. pis reducible. It can be decomposed into N, irreducible blocks pr, Kk =1,..., N,.. N, should be
an extensive quantity, i.e. N, o< Ng o |V, so that in the thermodynamic limit the density of
degenerate single-particle ground states and the density of irreducible blocks are both finite.

2. Let Vi be the support of pg, i.e. the set of vertices for which at least one element of p; does not
vanish. pg gz = 0if ¢ Vi or y ¢ Vj. One has Vi, N Vjy = 0 if k # k' because of the fact that py
are irreducible blocks of the reducible matrix p and |J, Vi C V.

3. We choose the basis B such that the support of each basis states ¢;(z) € B is a subset of exactly
one V. We denote the number of states belonging to the cluster Vj, as v. One has ), vy = Ng.

4. Umer = maxg{v} is O(1), i.e. not an extensive quantity.
With these properties one can show

Theorem (Mielke 2012) For Hubbard models with a lowest single-particle eigenenergy 0 which is
Ny-fold degenerate and for which the projector onto the eigenspace of 0 fulfils the properties
mentioned above, the following results hold for N, < Ny:

1. The ground state energy is 0.
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2. Let A, be an arbitrary local operator, i.e. an arbitrary combination of the four creation and
annihilation operators ch, and c¢;o. The correlation function PAzy = (AzAy) — (Az)(Ay)
has a finite support for any fixed x and vanishes if x and y are out of different clusters Vj.
The system has no long-range order.

3. The system is paramagnetic.

4. The entropy at zero temperature S(c) is an extensive quantity, S(c) = O(NVe). It increases
as a function of ¢ = N./Ngy from 0 for ¢ = 0 to some maximal value Smaz > > . [(vk —
1)In2 + In(v + 2)] and then decays to S(1) = >, In(y; + 1).

These models have therefore no long range order. The most interesting aspect is the finite entropy at
zero temperature.

4.2.5 Uniform density theorem

The uniform density theorem [41, 42, ?] is valid on a bipartite lattice and at half filling. The proof
makes use of the particle-hole symmetry which is valid in that case. It states

Theorem (MacLachlan 1959, 1961; Lieb, Loss, McCann 1993) For the Hubbard model on a bi-
partite lattice and at half filling, either in a canonical ensemble with N, = |V| at T > 0 or
in the ground state at 7' = 0 or in a grand canonical ensemble with p = 0, the density matrix
Poay = <clgcyg> has the property

1
Pozy = 55% ifr,ye Aorx,y € B (4.43)

The theorem may appear to be trivial if one has a translationally invariant lattice in mind. The point
is, it holds for arbitrary ¢, and arbitrary U, on an arbitrary bipartite graph, translational invariance
is not used and not necessary. The theorem is therefore of large importance in quantum chemistry,
i.e. for the Pariser-Parr-Pople variant of the Hubbard model.

4.2.6 Further rigorous results

There are further rigorous results on the Hubbard model. Many of them deal with the absence of
ferromagnetism or at least with the absence of a fully polarised ground state under certain conditions.
For details I refer to [37, 70, 72].
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5 High-Temperature Superconductivity: Doped
Mott-Insulators

5.1 Preliminary Remarks

High-temperature superconductors were first discovered by J.G. Bednorz and K.A. Miiller from the
IBM research center in Riischlikon, Switzerland in 1986. 1987 they received the Nobel prize http:
//www.nobel.se/physics/laureates/1987/. After the discovery of these materials the interest in
correlated electron systems has grown a lot. The Hubbard model, sometimes with some further
interactions included, was first used to describe the behaviour of this systems in the normal, non-
superconducting state. Quite early, people assumed that the pairing mechanism in high-temperature
superconductors is not caused by phonons but by electronic excitations, e.g. spin waves. If this was
true, a purely electronic model should be able to explain high-temperature superconductivity.

The goal of this chapter is to introduce some of the basic ideas and concepts used to explain high-
temperature superconductivity. We restrict ourselves to the discussion of purely electronic models,
i.e. the Hubbard model and its variants. Other aspects of the theory of high-temperature supercon-
ductivity will not be discussed.

An overview on the theory of high-temperature superconductivity can be found in the review article
by P.A. Lee, N. Nagosa und X.-G. Wen [34]. A large part of the material presented here is taken from
that article.

Materials which show high-temperature superconductivity have a rich phase diagram. Besides the
superconducting phase, many other phases have been found depending on doping and temperature.
Most of the aspects are not yet fully understood. The common aspects of this class of materials are:

1. A common structure element, planes of CuOs.
2. Undoped materials are insulators.
3. In the undoped case, the conduction band is half filled. Thus, the materials are Mott insulators.

4. In the undoped case, the materials show long-range anti-ferromagnetic order, which vanishes
under doping.

5.2 Models of High-Temperature Superconductors

As already mentioned, on common structure element are the CuOs-planes. Depending on the material,
further oxygen atoms are present, so that e.g. octahedra are formed with Cu in the center. These
octahedra are distorted (Jahn-Teller effect). The distance between Cu and O in the planes is typically
smaller. The planes form a three dimensional structure with other atoms sitting between the planes.
One expects that most of the physics of high-temperature superconductors can be understood by
looking at a model for electrons moving in the planes. It is clearly possible to add further terms to
such a model to make it more realistic.
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5 High-Temperature Superconductivity: Doped Mott-Insulators

5.2.1 Single-particle Hamiltonian

The most simple single-particle Hamiltonian one can look at is

Hy=¢€4 Z ng + €p Z ny +1 Z (choCyo + ChoCao) (5.1)

€A yeB <z€AyeB>,0

Here, A and B are the two sub-lattices of the CuOg—plane (A for Cu, B for O), €4 p are the different
single particle energies on the two sub-lattices and ¢ is the hopping matrix element. The notation
< .,. > menas, that the two lattice sites should be neighboured. Only nearest neighbour hopping is
taken into account, but we will extend the model later. Each elementary cell contains three atoms,
the single particle Hamiltonian (5.1) has therefore three energy bands. The elementary cells form a
square lattice.

Due to the structure of the 3d-orbitals of Cu one often chooses a different sign for the hopping in
different directions. But a gauge transformation can be applied so that all hoppings have the same
sign. We therefore choose t to be the same in both directions.

After a Fourier transformation one obtains

3
Hy=) Y hao(k)ch,oChio (5.2)
k a,b=1

The indices a,b are the band indices of the three band. The matrix H(k) = (hqy(k))ap=1,23 has the
structure

€A 2t cos(k;/2) 2tcos(ky/2)
H(k)= | 2tcos(k./2) €B 0
2t cos(ky/2) 0 €B

and can be easily diagonalised. The eigenvalues are

€A+ €B

2
aalk) = “AF = \/ <€A 3 EB) + 412 (cos? (ky /2) + cos?(ky /2)) (5.3)
es(k) = eB (5.4)

Notice that for the special cases ¢4 = ep = 0, the lattice is bipartite. It is just the Lieb lattice
with a flat band in the middle of the spectrum and two bands symmetrically above and below. The
introduction of the on-site energies shifts the bands and deforms the two non-flat bands.

In the case of high-temperature superconductors, the two lower bands are completely filled and
the upper band is half filled in the undoped case, since the two p-orbitals in O are filled with two
electrons each and the d-orbitals in Cu are filled with one electron each. The model has five electrons
per elementary cell or equivalently one hole. Looking only at the single-particle model, the undoped
system should be a metal. Since it is a anti-ferromagnetic insulator, the interaction is essential, the
systems are therefore correlated systems.

The simple single-particle model can be extended by introducing a further hopping matrix element
tpp between next-nearest neighboured B—lattice sites.As a consequence, the flat band gets a dispersion
and the two other bands are modified a bit. But, since the essential physics happens in the conduction
band, the generic properties should not change.

5.2.2 Interactions

As already mentioned, simply to explain the undoped ground state of the materials, we need an
interaction. The most important interactions are on-site interactions. Taking these into account,
one gets a Hubbard model. It should be sufficient to explain the ati-ferromagnetic insulating ground
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state. Often, interactions for electrons on neighboured sites are introduced as well. The full model to
describe these systems is therefore given by the interactions

Hww = UAZ”:CT”:Q“‘ Up ZnyTny¢+ Uap Z NNy (5.5)
z€A yeB <z€A,yeB>

and the kinetic energy

Hyin = €a E Ny + €B E ny +t g (c;,gcya—i—c;gcw)
T€EA yeB <r€AyeEB>,0

+t/ Z C;gcyld (5.6)

<yeEB,y'€B>,0

so that the full Hamiltonian reads
H = Hy, + Hww (5.7)

This model contains six independent energy parameters: The three interactions U4, Up, and Ugap,
and the three parameters of the kinetic term A = €4 —€p, t and t'. Since the A-lattice sites represent
the Cu atoms and since the 3d—orbitals of ionised Cu are relatively small, a double occupation of the
A-lattice sites costs a lot of energy and we expect the parameter Uz to be the largest.

With this idea in mind we could first take the limit of very large U4. In the limit U4 — oo we have
one hole per elementary cell. The 1B-lattice sites are occupied by two electrons, the A-lattice sites by
one and hopping is strongly suppressed since it would create a double occupancy on an A-lattice site.
If Uy, is large but finite, virtual processes are possible, where two electrons on neighboured A-lattice
sites are exchanged. This requires four hoppings and the intermediate states have energy differences
Us—Up+ A, Ugp — A and A — Up. In complete analogy to the Hubbard model at large U we can
transform the present model to an antiferromagnetic Heisenberg model with an exchange interaction
J=— UasUs ff) Up=A)" Hopping ¢’ and interactions Usp play only a role at higher orders and are
expected to be smaller than the other energies. Therefore, to leading order, we obtain a Heisenberg
model which describes the anti-ferromagnetic ordering of the high-temperature superconductors in the
undoped regime.

5.2.3 An effective single-band model

Since the essential physics takes place in the conduction and, one should be able to derive an effective
single-band model. This is indeed the case. Starting point is the above Hamiltonian, which we now
write as

H=Hy+Hy+H_ (5.8)

H_ transfers one electron from B to A, H_ = H transfers one electron from A to B. Hj contains
all the terms which let the number of electrons on the two sublattices constant.
We now introduce flow equations to transform that Hamiltonian. Let

n=H_—H, (5.9)

O InH) = [H_ Hy) ~ H,, Ho) ~2(H, ] (5.10)
dH,

= “2H. H] (5.11)

% = —[H+, Ho] (5.12)
dH_

—r = [H_H] (5.13)
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1 is an anti-hermitian operator, the differential equation therefore describes a continuous unitary
transformation. For details on flow equations and continuous unitary transformations, I refer to the
book by S. Kehrein [29]. (5.8) is the starting point of this continuous unitary transformation. During
the transformation, further terms are generated in the Hamiltonian. In the end, for large ¢, H,
vanishes and we obtain an effective Hamiltonian which contains no terms that change the number of
electrons on the two sublattices. We approximate the Hamiltonian as follows: Hy should contain all
possible matrix elements which transfer one electron from a lattice site A to a neighboured lattice site
B.

H, = Z (t 4+ toang—o + t2BNy—o + 24BN —oNy—0)ChyCyo (5.14)

<x€AyEB>,0

Restricting H, to these terms, Hy contains only terms with three nearest neighboured sites. I use the
notation < x € A,y € B,x’ € A > etc. One obtains

Hy = eAZ?%—|—eBZny—&-UAZnﬁnm—i-UBZnyan
)

€A yeB T

1 L.
+JaB Z [gnmny — 28, -S|+ Kagp Z (Mg Ty — Tyt Ty M|

<zx€A,yeB> <zx€A,yeB>
+ta E C;'Q'CIIO' +taa E (nxfa + nSC/—U)C:TEo'CCE/O'
<z€Ax'€A>o <z€Ax'€A>co
+tp E ChoCy'o +1BB g (Ny—o + Ny —0)ChoCyo
<yeEB,y'€B>co <yeB,yeB>o
+ > oT[Kap + KoaB(Na—o + Ne'—7) + K3ABNz—oNar—7|Chy €l oCy—rCarr

<zx€AyeEBx'€A>oT

2 2 % i
+ § UT[KBA + KQBA(ny—U + ny’—T) + KSBAny—O'ny/—T]CL(;CI—O—C$—TC'y/T
<yeEB,x€Ay'€B>oT

Some of the terms in Hg vanish at £ = 0, they are not part of the initial model. But they are generated
during the transformation.

U4 is the by far largest parameter in the initial model and we expect it to be the largest parameter
for large ¢. Therefore, we expect that the holes (one per elementary cell in the undoped case, less than
one in the doped case) sit on the lattice sites A. Further, €4 is smaller than ep and the difference
becomes even larger as a funtions of ¢. Since in the limit £ — oo Hi vanish, it is sufficient to look
at Hy. Since in Hy all lattices sites B are doubly occupied and since there is no hopping from A to
B, we may drop all the terms in Hy which contain B-lattice sites. We therefore obtain the effective
Hamiltonian

Hepp = EAan-i-UAanTnm (5.15)
r€A T
+ta Z el oCro +tan Z (Ng—o + Nar 5 )ChyCarr (5.16)
<z€Ax'€A>c <zx€A,x'€A>o

The first three terms form a standard Hubbard model on a square lattice, the last term destroys
the particle-hole symmetry. This should have been expected since the original Hamiltonian has no
particle-hole symmetry.

The parameters in Hyy can be calculated using the flow equations. Doing this, one has to take into
account that some of the terms we dropped in the calculation couple back to the terms we kept, if
one replaces the particle-number operators n, for y € B by their expectation values (i.e. by 2). This
makes the actual calculation a bit more complicated but it is still feasible.
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5.2.4 ¢t — J model

We already saw that the Hubbard model for large U can be mapped to an anti-ferromagnetic Heis-
enberg model at half filling. The same is true for the Hamiltonian (5.15,5.16). High-temperature
superconductors are doped anti-ferromagnets. Doping introduces holes in the anti-ferromagnet, which
can hop. To desribe this situation effectively, one often uses the so called t —J model. The Hamiltonian
reads

H=t > (1=nso)chyeyo(l=—ny o) +J Y 5.5, (5.17)

<z,y>o <z,y>

and can be obtained from the Hamiltonian (5.15,5.16) by a further unitary transformation valid for
large U4 similar to the one leading to (4.20). S, are the local spin operators we introduced before. It
is important to note that the Hilbertspace of the model described by (5.17) does not contain doubly
occupied sites .

The t—J model can as well be derived from the simple Hubbard model or from (5.15,5.16) or directly
4t
Ua—Up+A)(Up—A)?"

from the three-band model. As discussed above, the coupling J is of the order 0

5.3 Frustrated spin systems

5.3.1 Some general ideas

At half filling, the ground state of (5.17) is expected to have anti-ferromagnetic long-range order.
Small doping can destroy anti-ferromagnetic order. In high-temperature superconductors, only 1%
doping is sufficient to destabilise the anti-ferromagnetic order. This implies the following questions:

1. How does the spin-system look like at small doping?
2. How do the holes move in the spin systems?
3. Which kind of effective interactions between holes are introduced due to the spin fluctuations?

ad 1.: The basic idea was formulated by Anderson, Baskaran, and Zhou [2, 3, 4, 5]. They propose that
the spin system is in a resonating valence bond (RVB) state. There are many authors who followed
that idea and there are therefore many different formulations. In the undopted regime, all those states
are variational states with an energy only slightly above the ground state energy. In the following
subsection we describe a rather general approach. Among them, there are states with and without
anti-ferromagnetic long-range order. The states without long-range order show a local ordering, which
is not unexpected.

ad 2.: A hole which moves in a local anti-ferromagnetic background destroys this background locally.
This may hinder the movement of the hole.

ad 3.: If two holes move together in a correlated fashion. the second hole may heal the locally
disturbed anti-ferromagnetic background. Therefore, one may develop the idea that a correlated
movement of holes in an anti-ferromagnetic background is energetically favourable compared to an
uncorrelated movement. This effect can be described by an effective attractive interaction between
holes.

To better understand these ideas, one first has to understand the physics of the ground state of
anti-ferromagnetic spin systems in two dimensions.

5.3.2 RVB-states

Let us first discuss the concept of RVB-states, which allows for the description of ordered, locally
ordered or disordered spin systems, the valence bond (VB) or resonating valence bond (RVB) states.
There is a couple of lattices for which one can show that the ground state of a Heisenberg model can
be described using this concept.
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We first introduce a singlet pair of spins

uaw>=;;n@w—uﬁw> (5.18)

on lattice sites z and y. We now choose a coverage P of pairs which cover the entire lattice (we assume
|A| to be pair) and form the singlet state

Py= 1T I@w) (5.19)
(z,y)EP

This state is called a VB-state. One can show that all VB-states form an over-complete basis of the
singlet space. This means that any singlet state can be written as

Z AP) I ) (5.20)
(z,y)eP

Since the states | P) are over-complete, the representation of a singlet state in this form is not unique.
The representation (5.20) is useful because it leads to variational ansatzes for the ground state of
the system. A popular variational ansatz is

=> II allz—=yh (=) (5.21)
P (z,y)eP

i.e.

APy = [ allz -yl (5.22)

(z,y)EP

Such a state is called an RVB-state.
In concrete calculations we start with a given lattice. In the following we take the square lattice. It
is a bipartite lattice. The two sublattices have the same number of lattice sites. We let

alle —yl) =0 (5.23)

if z and y are on the same sublattice. For bipartite lattices this is a natural ansatz.
Let us now calculate the overlap of two VB states.

(P"|P) (5.24)

where both P and P’ contain only singlet pairs on lattice sites which come from the two different
sublattices. Let us first consider an easy example:

(w1, y2) (@2, y1)| (21, 91) (72, 92)) = %(<T1‘1‘Ly2’ = (o Ty ) ((Taadyn | = (aa Ty )
(’Tmiyﬁ - |¢21Ty1>>(|/ra¢2¢y2> - uszy2>) (5-25)

1
= Z(<Tw1¢y2| <sziy1| |T£D1\Ly1> |Tx2¢y2>

+ ey Tyal Qo Tya | aa o) HaaTya)) (5.26)
1

(@1, ) (@2, v2)l(21,91) (22, 92)) = i(mliyl\ = (o Ty D(Pa byl = (o Ty ) (P by )

— Ny Ty ) ([Paadys) — HaaTys)) (5.28)
= 1Wardinl = et D dun) = )

((Tzadya| = (oo Tya D (T2 dys) = NanTya)) (5.29)
e 212 (5.30)
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Similar calculations can be done for the general case as well. We obtain
(P'|P) = 2me—N:/2 (5.31)

where ny is the number of loops one obtains when drawing (P’ |P) on the lattice and Ny is the
number of lattice sites. Up to cyclic permutation a loop C is a sequence of lattice sites, C =
(x1,Y1,%2,Y2,- -+, Tn,Yn). In our construction, the lattice sites are alternatingly elements of A and
B. (P'" |P) contains each lattice site of the lattice exactly once, therefore it forms a covering {C;,i =
1,...,np} of the lattice with loops. The norm of the variational state |¥) is

Zy =Y [ rc) (5.32)
{Ci} i
where

fey =2 1] a(|x\;2y|) (5.33)
(z,y)eC

The correlation function is )
(P'| S8, |P) = 72172 (5.34)

where x € A and 2’ € A are on the same loop, otherwise the right hand side is zero, and
(P'| 83083,y |P) = —2"~ /2 (5.35)

for x € A and y € B where again both lattice sites must belong to the same loop. This means that
the entire problem can be mapped to a problem of loops on a lattice.For each loop we introduce a
probability

p(C) = Z3 F(C) Zurc (5.36)
that the loop C occurs on the lattice. One has
(‘) In Z\p
C)=——+ 5.37
O = Sty (5.37)
The correlation function U1 G |T
Pz,z! = 43z,z’< | 52 372,’ > (538)

Zy

C::z,2’eC

where s, .» = 1 if both lattice sites are on the same sublattice, s, . = —1 otherwise, The quantity
= sz,Z’ = Ns_l sz,z’ (5.40)
2! z,2!

is the average loop length. If this quantity is extensive, i.e. £ o« N, the system has long range order.

5.3.3 The Néel state

To test whether the above concept is useful we want to investigate whether the Néel state can be
described within the RVB concept and whether usual spin wave theory works as well. The Néel state
is a state with maximal order. We obtain this ate if we let a(|z —y|) =1forallz € A, y € B.

Let us first calculate Zg. We have

1 n
7y = 57 > o (5.41)
{Ci}
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The sum runs over all loop coverages of the lattice. Let n; be the number of loops of length 2i, then

we have
Z n; =ng, (5.42)
i

> ini = N,/2 (5.43)

The number of coverages of the lattice with n; loops of length 2, no loops of length 4, etc is

Gl
TT. i1 5.44
[T imn! (5.44)
Therefore we have
Zv 2Ns/2( 2 ! Z Hlnlnz' QNS/Q( 9 M 9 +1)! (5.45)
{ni}:Y, ini=Ngs/2 i
The average loop length is
_ =1 S\12 2 2
(=2 wm G Y (] =32+ 2) (5.46)

(ni}:3, ini=Ng/2 =~ % i i

All the sums can be calculated for the formula gin in the chapter on combinatorics in the Handbook
of Mathematical Functions, by Abramowitz, Stegun [1]. Since all lattice sites are equivalent, we have

Ng+1

T (5.47)

Pz,2 =

for z # 2’. Naively, one may have expected that the Néel state has p, ,» = 1. But since the state must
be SU(2)-symmetric, we obtain p, ,» = %

5.3.4 Short-range correlations

Another extreme case are state where a(|z — y|) = 1 for neighboured states, a(|z — y|) = 0 otherwise.
These states are called dimer states. They have no long-range order, the average loop length is not
x Ns. Unfortunately, excat results for these states are not available. One does not know whether
these states have an exponential or an algebraic decay. There are good arguments for both.

5.3.5 The two-dimensional Heisenberg model

Liang, Dougot, and Anderson [35] did variational calculations for the Heisenberg model on a square
lattice. Their results have been improved by several authors. The variational state wth the lowest
energy one knows has an energy per lattice site of —0.6688.J and a(|z — y|) o |x —y|~*. The state has
long-range order, p, .- tends to 0.12 for large distances. The authors point outthat there are states
with only a slightly higher energy and without long-range order. This is not unexpected since we
know that for any finite temperature, the long range order disappears. This is the Mermin-Wagner
theorem. Also, introducing frustration will suppress long-range order.

The problem can as well be treated analytically using an argument by Flory from the theory of
polymers. The coverage of loops can be interpreted as a set of loops with repulsive interaction. The
repulsive interaction within a loop tends to blow up the loop whereas the repulsive interaction between
loops tends to compress a loop. Both effects work in different directions. If one assumes that both
effects cancel each other, we may neglect the loop interaction entirely. Doing that yields the exact
result for the Néel state. There are good reasons to assume that this argument yields qualitatively

73



5 High-Temperature Superconductivity: Doped Mott-Insulators

good results for dimensions d > 3 and that it becomes exact in the limit d — co. In one dimension
the argument is definitely wrong. In two dimension, the situation is unclear. Wegner [77] applied
it to the two-dimensional Heisenberg model. he obtained for the correlation function p, . — 0.13,
which is very close to the result by Liang, Dougot, and Anderson [35], but the energy per lattice site
is £ = —1.0056J. For the energy, the short range correlations are important and they are certainly
no well described by the Flory argument.

5.4 Field theoretic description

5.4.1 Fermions and Schwinger bosons

Spin operators can be expressed using fermionic or bosonic operators. The fermionic representation
is clear, we used it before.

1

Sz = §(CL+C+ —cl _cp) (5.48)
Stz=chico (5.49)
S_s=c _cpy (5.50)

1
Sz = 5(54_71 +5S_2) (5.51)

1
Sox = 2—Z,(S+x —S_2) (5.52)

The commutation relation for the spin operators are fulfilled if
ot =1 (5.53)

The number of particles on a lattice site must be one. (5.53) implies that the interpretation of the
usual commutation relations must be restricted on the Hilbert space in which all states fulfil the
constraint. Applying a bare creation or annihilation operator to an element of that Hilbert space
creates a state which is no longer an element on that Hilbert space. Thus, all matrix elements of
the creation or annihilation operator in the restricted Hilbert space vanish. Let us consider as an
example [cy+,ny] = ¢z4. On the left hand side, in the restricted Hilbert space, n, = 1. But we
we set n, = 1 in this equation the left hand side is zero. This is correct, since, as stated above,
all matrix elements of the creation or annihilation operator in the restricted Hilbert space vanish.
In the restricted Hilbert space only operators occur where in each product the number of creation
and annihilation operators is the same. Taking this restriction into account, the usual commutation
relations between the creation or annihilation operators are still correct, i.e. [cgs, c;,g,]
Later, we will use similar constraints with more operators involved, there, the same is true.

Similarly, we can use bosons to represent spin operators. Let by, and b be annihilation and
creation operators for bosons on the lattice site . o takes the values +=1. We let

= 5:):,36/ 50’,0'/ .

1

S3,r = i(b;erm—l— - b;—bw—) (554)
Stw = by b (5.55)
S_p=bl bay (5.56)
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and let
bl boy + b5 by =1 (5.57)
One obtains
1 1
S?%,z + 5(5-&-@8—,:0 + S—,xs-i-,x) = Z(b;-i-bx-i- - b;—bx—)Q
1
+§(b;+bw—b;—bx+ + b;—bx+b;+bw—)
1
= Z(b;—i-baz—i- + b;—bx—)Q
1
+§(b;+bx+ + b _by)
3
= = 5.58
; (5.58)
(3,2, S+.2] = £S+u (5.59)
(St 20 S— 2] = bl by bl _byy —bL by bl by =253, (5.60)
and the Hamiltonian in this representation is
Z Ty [ ali s — T,agc,)(cﬂerayJr - a;,ay,)
1 t t 1 t
—|—§(ax+ax,ay_ay+ + ay_apiay, ay-) (5.61)
where the additional condition a,a,+ + al_a,— = 1 has to be taken into account. a and a' are

fermionic or bosonic operators. The projection operator commutes with the Hamiltonian. In a more
compact form, the Hamiltonian can be written as

1
Z J z,Y Caxa yq-ayaa.m' - 5) (562)
x Y0, T
with ¢ = 41 for bosons and ( = —1 for fermions. Up to a constant —% Yow yJoy the Hamiltonian is
¢
H= > JayPry (5.63)

:I:7y

where the operator P, , exchanges two particles on the two lattice sites x and y. The eigenstates of
H are symmetric with respect to permutations of two bosons. For a two-particle state there are two
possible cases

1. For bosons: symmetric in lattice and spin space. For fermions: antisymmetric in lattice and
Spin space.

1
aj a4 0), ﬁ(ahal_ +aj_a))|0), a}_aj_|0) (5.64)
These are triplet states.

2. For bosons: antisymmetric in lattice and spin space. For fermions: symmetric in lattice and
Spin space.

7( x—i—a;r/— ax— y+>|0> (565)
This is the singlet state..

An RVB-state can now be written as

-3 I M —al a0 (5.66)

P (zy)eP
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5.4.2 Field theoretic formulation

As introduced in the first chapter of this course, a fermionic or bosonic model can be written in a
Lagrangian formulation with Grassmann or complex fields. The only difference is that in the present
formulation an additional condition has to be taken into account. For the present model, the action
can be written as

S:/ﬂer (5.67)
L= 6} ,(7)(0r — 1)duo(r —zZA Zaﬁm )20 (T) = 1) + V({} 5(7), b20(T)}) (5.68)

where

V({5 5(7), ao(T Z Joy B o (T) O} 01 (T) by (T) b (7) (5.69)

7y7o- o-

A constant has been dropped. \;(7) is a real Lagrangian multiplier field. The integration over A, (7)
guaranties that the additional condition

Z(bm Vo (7) = 1 (5.70)

is fulfilled. Because of the additional condition, the chemical potential can in principle be dropped.
In what follows we take only couplings between neighboured sites into account. The potential is then

J
V({650(7), bro(r)}) = & Z 05 (T Grer ot (T)brter o (T) b (7) (5.71)

The index ¢ runs over the directions. Using a Hubbard-Stratonovich transformation, the action be-
comes quadratic in the fields ¢ and ¢*. They can be integrated out and we obtain an effective theory
which contains the Hubbard-Stratonovich fields and the Lagrange parameter \,. This effective action
can then be treated in a saddle point or mean field approach. We can as well study fluctuations
around the saddle point. An important property of this effective action is that is possesses a local
gauge invariance. The reason is simple: There are local conserved quantities, namely the particle
numbers. Let us now perform the different steps sketched so far.

Hubbard-Stratonovich transformation. The Hubbard-Stratonovich transformation is nothing but a
Gaussian integral. One has

J 2
exp(—gz*z) o /dxdx* exp(—jx*x +x* 2+ 2"x) (5.72)
V can be written as

V({50() 0m0 (D)) = Z B2 (VB s er o (e (D) b (7)

= *Z Z¢xo (Z)JH-E@ o Z¢z+ez,a st U( )) (573)

and therefore

exp(=V{¢5,0(7), ¢20(7)})) o /D[X(T)]D[ )] exp —fZXm ) Xe,i(T

+ D _(Gal7) Z%ez 7). (7)) + X (7 Z%, )zt e00 (5]
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This yields the new action

qu;k:,a'( ¢$U _ZZ)‘ Z¢xa ¢$0’ )_1)
_7Zsz XCEZ

+ Z (XJ: i Z qu—‘,—el,o' ¢:B o + Xz, z Z be o ¢x+e“g( )> (575)

The integral over ¢ and ¢* is a Gaussian integral and can be calculated. Before doing this, let us look
at the symmetries of L'.

Locale gauge symmetry. With

Xai(T) = pa,i(T) exp(iAz,i (7)) (5.76)
the local gauge transformation is
¢2(T) = ¢o(T) exp(ia(T)) (5.77)
)‘JE(T) - )‘x(T) + 87'90:]0(7') (5.78)
Api(T) = A i(T) = Pate,(T) + pa(7) (5.79)
This transformation yields
L' L +iY  0rpa(r) (5.80)

and

8
S—>S+i2/0 drd,pu (T S+ZZSOx —2(0)) =5

since . (7) is a bosonic field and therefore periodic in 7. We can even generalise the periodic boundary
condition for ¢, (7) by letting

The system is even symmetric under a larger group of gauge transformations. As a consequence of the
symmetry, we may choose a special gauge. The main point is that the gauge only needs to guaranty

that the condition
Z sto' ¢:E0‘ - 1

holds for on value of 7. It is then automatically fulfilled for any 7. For example, we may choose

Az (T) = Ap0(T — 70)
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Saddle point approximation. One can introduce a parameter to the model which has the effect
that in a certain limit the saddle point approximation becomes exact. This allows for a systematic
expansion around the saddle point. To do this, we look at a model which has an SU(N) symmetry
instead of the usual SU(2) symmetry. The Hamiltonian can then be written as

N
= oY D S@33w) (5:81)

x,y a,f=1

where S5 (x) are the generators of the SU(N) algebra. As a representation we choose

Ne

Sa(@) = Y chal@)e™ () — 015 (5.82)

a=1

with the additional conditions

N
" ab 6b S A
Z Chal b (5.83)
— 0o(N—m) z€B
We assume a bipartite lattice with the sublattices A and B. For N = 2 there is only one value m = 1
and we obtain a representation of the SU(2). The spin in the representation is s = n./2. For n. =1
we obtain the above representaion. In the following, I restrict the calculation to the case n. =1, N

even and m = N /2. Other cases may be iteresting as well. for example the limit n, — oo yields a
spin wave approximation. For the Lagrangian density we obtain

ZQS:J,OL( (Z)ra _ZZA Z¢xa ¢xa )_g)
_72)(12 Xzz

+Z<xm Z%w )¢, (T) + Xai (T Z«ﬁm T)butera(T >> (5.84)

For N = 2 this is the above expression. We now integrate the (in this representation fermionic) fields
¢ and ¢* and obtain B
SerslAx; x'T = NS[A x, x7] (5.85)

S[)\a X X*] = Trln ((87 — K i)\x(T))(Sr,y(sr,T/ —+ (Xm,i(T)éy,z—&-ei + X::—ei,i(T)(Sy,w—ei)‘ST,T/)

The effective action is o N and therefore, for large N the saddle point approximation becomes exact
and we may even think of a 1/N expansion. The saddle point equations are

0S
=0 5.87
5pi(7) (5.87)
55
57 =" (5.88)
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65
() 0 (5.89)
It is difficult to find an exact solution of these equations. Only solutions for various subspaces are
known.

In the following we consider some solutions of the equations on a square lattice. When we intro-
duced the local gauge transformation, we saw that the phase of y and A has the interpretation of an
electromagnetic potential. The absolute value of y represents the density. At constant density and for
0 magnetic field, one obtains the solution which was first proposed by Baskaran, Zou and Anderson.
The energy is

Epza = 7 pe— ;NNsﬁ (5.90)

with the minimum EF = —16NN,J/n* = —0.164NN,J for p = 2J/72. At constant density and
constant magnetic field # 0 we obtain so called flux phase states with a lower energy, namely

4NN, d? : .
EFlussphase = Sﬁz - 8NN815/ TPQ\/SID2 p1+ Sln2 P2 (591)
Ipil<% (2m)
The minimum is £ = —0.230N NgJ. Further, there are dimer states with an even lower energy
4NN,
E = 5 °p? — NN,p (5.92)
and a minimum E = —JNN,/4 at p = J/4. But this energy is still higher than the variational

energy of the RVB states for N = 2 (E = —0.6688.JNs). But the 1/N corrections are missing here. A
problem of all the states is that in all of them the local gauge symmetry is broken. Thus, the status
of the theory is still open.

Flux phases. Flux phases are states with A = 0 and with a 7 independent xy. With these assumptions
we obtain the effective Hamiltonian

. N _
H=- Z Pz.j (C;c,a eXp(zAJ:,j)Ca:—I—ej,oc + h.C.) + 7 Z p?:,j (593)
z,j

x?.]?a

Flux phase states have a fixed p;; = p. The flux phase problem can be solved by first finding the
minimum of H at fixed p by varying A; ; and in a second step finding the minimum by varying p. Here
we have to take into account that the number of fermions is equal to the number of lattice sites, we are
at half filling. In the following we consider again a square lattice. We choose a vector potential A, ;
that corresponds to a flux ¢ through each elementary cell of the square lattice. This is the situation
of a constant magnetic field. The ground state energy is then

4NN,
Eo = —pTr|T| + °p? (5.94)
where T' = (t;,) is the matrix
loy = exp(iAﬂaj)‘sy,x—l-ej (5.95)
and the flux phase condition is
Ar,Q + Az+eg,1 - Aa:+el,2 - Ag:,l = ¢ (596)

Let |T| be the positive definite matrix for which |T'|? = T2. Tr|T| is the sum of the absolute values of
the eigenvalues of T'. A special solution, for which the flux phase condition is fulfilled, is

App = (—1)“? (5.97)

Amlz 9

5 2 ?

79



5 High-Temperature Superconductivity: Doped Mott-Insulators

Using this gauge, we obtain four sublattices. For the eigenfunctions of T', we make the ansatz
, = exp(ikx)a; (5.98)

for x in the sublattice ¢ = 1,...,4. This yields a eigenvalue equation for a; with a 4 x 4-matrix. The
eigenvalues can be calculated, as well as Tr|T'|. The minimum occurs at

p=m (5.99)

and for the eigenvalues we obtain

+ 2v/sin? ky + sin? ky (5.100)

This yields the above formula for the ground state energy. The optimal value ¢ = 7 for the flux is
more general than what can be seen from this simple calculations. For instances one can show that for
this flux we also obtain a minimm of det T'. Further, the result can be generalised to planar bipartite
graphs. A planar bipartite graph consist of npolygons with n edges. The optimal flux through such a
polygon is m(n — 2)/2. Further one can construct flux phase states with a density less than 1.

5.5 The doped anti-ferromagnet: The ¢t — J modell

If we dope an anti-ferromagnet, the long range order may be weakened or even eliminated completely.
We already saw that a suitable model for a doped anti-ferromagnet is the t — J model

Hi_j=Y toy(l—neo)ch eyl —ny o) + > JoySe- Sy (5.101)
$7y

z7y1a-

where we now use a fermionic representation of the spins,

1
S3.0 = 5(CopCt = Cp_Ca-) (5.102)
S—i—,w = C;TH_CJ:—; S—,a: = C;;_Cx—f— (5103)
1 1
Sl,z = §(S+’z + 57@), 52@ = 52(5+z — Sfm) (5104)

The spin interaction in the Hamiltonian is the usual Heisenberg interaction. The kinetic part allows
for a hopping of a spin from one lattice site to another. The factors (1 —ngz —5)(1 — ny,—,) guaranty
that there are never two electrons on a lattice site. Above we derived the ¢ — J from a one band or
three band Hubbard model using unitary transformations and the limit of strong repulsion. There
are other ways to motivate this model. We take it here as a model of its own interest and not as a
limiting case of another model.

The main effect we expect in the t — J model is a weakening of the anti-ferromagnetic order and in
connection with that a possible attractive effective interaction between the holes.

There are various methods that have been used so far to investigate the ¢ —.J model. In one dimesion
it is exactly solvable for a special value of ¢/J. In higher dimensions the motion of a single hole in
the spin background was studied quite early. A finite concentration of holes is not yet completely
understood. The methods used in this course can be applied if one introduces auxiliary fields like for
the Heisenberg model. For a single lattice site the model has three states: |0),, the empty lattice site,
|[+)z and |—), with an electron on the site with a spin ¢ = £. We represent the spins using fermionic
operators faTm and f;, as before, empty sites using bosons b!, and b,. The creation or annihilation
operator for an electron is then represented as

C:ch,a = b$f;;7o'7 Cr.o = b;cfa:,g (5105)
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We need the additional condition

bjr:b$ + Zf;,afx,o =1 (5.106)
g
on each lattice site. The kinetic part of the Hamiltonian reads
Hy= > tayfh o fyoblba (5.107)
x7y70-

A different possibility is, as mentioned before for the Heisenberg model, to represent the spins by
bosonic operators b}, , and b; ;. The hole operator then has to be represented by fermionic operators
al, and a,. We have

c;,a = a;bxp—, Cr.o = ajpba:,a (5108)
aTxax + Z b;:,abac,a =1 (5109)
14
Hy= ) tyybl by oalaq (5.110)
x?y7a-

The two approaches are called slave boson or slave fermion approach. The hole excitations are often
called holons, the spin excitations spinons. Holes may condensate, which was interpreted as a first
hint for a high T, superconductor. This idea seems to be wrong. The transitions is just an artefact of
the representation.

As the Heisenberg model the t—.J can be treated using a field-theoretic approach. The only difference
is the additional field for the holes. One has here as well a local gauge symmetry, and one has the
local conditions which can be taken into account using a Lagrangian multiplier. Using a Hubbard-
Stratonovich transformation it is possible to decouple the interaction. The fields corresponding to
the operators ff, and f;, or b}, and b, , can then be integrated out. One obtains an action that
depends on the Hubbard-Stratonovich field and the Lagrangian multiplier. The action has again a
local gauge symmetry. Investigating the influence of holes further, it turns out that the flux phase
state is stabilised. On the square lattice, the optimal flux per unit cell is 7n where n is the electron
density.

We choose the ansatz (5.105). The exchange interaction then has the form

S8y =~y S Houo Bl fur = JUL I~ D Gyafos = for o) + 5 S Udfeo + Fofuo)

g

The derivation is easy, one just uses the representation of the spin operators by fermions and the
representation (5.105) of the fermionic operators. One then eliminates the bosonic operators bg)
using (5.106). In a similar way, the density-density interaction can be written as

nany = (1= blby)(1 — blb,)

Often, the term b;b;bybx is neglected because of the low hole concentration. The remaining quartic
terms are decoupled using the Hubbard-Stratonovich transformation, as already mentioned. We obtain

1 % .
Ll - Z Z ny(|X:ch|2 + ’A$y|2) + Z f:va(aT - Z)\ff)fffo
zy xo

]‘ * * 1 * * * *
v Z JayXay Soo fyo +cC.| + 1 Z JoyDay(foy fy— — o Syy) +cc.
TYyo xy
+D 00 —ida + wbe — Y taybab] fro fyo
T TYo
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S is invariant under local gauge transformations
foo — exp(iby) foo, by — exp(ify)by
Xay — €xXp(—i0z) Xy exp(iby)
Agy — exp(i6y)Agy exp(iby)
Az = Ay + 00,
Often one writes L in the form

1 1
Ll = é xzy TTJwyU;yny + g Z((I);Unyq)ya + C.C.)

Yo

+ Z f;a(aT - i)‘x)f:w + Z b:;(a‘r — Ay + M)bx - Z t:t:yb:cbgjf::afya

Yo
on(f) o)
U

_ ( _X;y AJ»’Z/ >
Y A;y Xzy

In this representation, and at half filling (1 =0, b =0) S is invariant under

where

(I)xa — VI‘@IO’

Usy = VoUsy V)

where V,, are local SU(2) matrices. Therefore, besides the local gauge symmetry, the model even has
a local SU(2)-symmetry.

Various authors proposed different mean field solutions to this model. They correspond to different
saddle point approximations. In these saddle point approximations, the following variables play a
crucial role

Xzy = Z<f;gfya>

Doy = (fax fy— = faoTyy)
The first represents the RVB-state proposed by Baskaran, Zou, and Anderson. The ansatz is x.y = x
real and A, = 0. The spectrum is that of a ferionic model

X
HBZA = _5 Z nyf;afyo

Yo

There are other states with low energies. Among them, there is a super-conducting d-wave state and
a flux phase state, both with the same variational energy and the same dispersion relation for low lying
excitations. Both are equivalent and can be obtained from each other using the local SU (2)-symmetry.
Totally, one obtains four different mean fields phase: a Fermi liquid (x # 0, b # 0), a spin-gap phase
(x # 0, A # 0), d-wave superconductivity ( x # 0, b # 0, A # 0), a strange metal (x # 0), and at
higher temperature the RVB-state. The mean-field theory represents the experimental situation quite
well.

Partially, these considerations can be made mathematically precise, see the work by J. Frohlich and
P. Marchetti [14]. But the resulting field theory is difficult and has not yet been fully investigated and
understood.
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6 The fractional quantum Hall effect

6.1 Introduction

The quantum Hall effect was found 1980 by von Klitzing and published in a paper by von Klitzing,
Dorda, and Pepper [30], Klaus von Klitzing received in 1985 the Nobel prize. For a general introduction
I refer to [61]. The quantum Hall effect can be observed in two dimensional electron systems in a
strong perpendicular magnetic field. Under certain conditions one observes a conductivity tensor of

the form .
R (6.1)
n% 0

The Hall conductivity is thus oy = n% For the usual quantum Hall effect, n is an integer. The most
remarkable point is the experimental precision with which this number can be obtained. The relative
precision is 3 - 1077 or even better. Therefore, the quantum Hall effect can be used to determine
the fine structure constant %20 ~ ﬁ with a very high precision since c is fixed. In the fractional
quantum Hall effect n is a fraction with a typically small odd denominator. The precision is less but
still high. The theory has to explain why the effect occurs and why the experimental precision is so
high. This is remarkable since the two dimensional electron system is formed at the interface between
two semi-conductors, e.g. in a Si-MOSFET or in a GaAs/GaAlAs hetero structure. At the interface
between two semi-conductors one has lots of imperfections, disorder, so that such a high precision is
really astonishing.

The Hall effect

The most simple theory takes quantum effects only in a semi-classical approximation into account.
The theory is based on the assumption that the two dimensional electrons have a mean free path £y
or equivalently a mean free flight time 7y. Both are related because the electron move at the Fermi
velocity , i.e. fo = vp71g. In an electric field E an electron is accelerated between two collisions.
The velocity between two collision increases by Av = —eETy /m. Adding up the contributions of all
electrons, one obtains the current density j = oo E where

oo = pe’ry/m (6.2)

Quantum effects are included only via an effective mass m and via the mean free flight time 7p.
If we apply in addition a magnetic field, the Lorentz force acts on the electrons and we obtain

j=00E——"jxB (6.3)

1 B
ol = ( 70, e ) (6.4)

The conductivity is therefore

=" (6.5)

where w, = ;—% is the cyclotron frequency. Note that in the limit 79 — oo one obtains the result for

free electrons.
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6 The fractional quantum Hall effect

Experimental realisation

As already mentioned, the quantum Hall effect is observed at the interface of two semi-conductors,
to be precise, at the interface of a semi-conductor (e.g. doped Si, GaAlAs) and an insulator (SiOag,
GaAs). The typical systems are Si-MOSFETs or GaAs-GaAlAs hetero structures. The basic idea
is relatively simple: Via a gate one applies an electric field perpendicular to the interface so that
electrons move to the interface. Since they cannot enter the insulator, they form a two dimensional
electron gas at the interface. At the interface, the energy band is lower than in the bulk so that
electrons concentrate at the interface. They form an inversion layer. The electrons are bound in the
direction perpendicular to the interface, but they can move rlatively freely parallel to the interface.
Due to defects and impurities, esp. in the doped semi-conductor, the mean free path is expected to
be short.

Landau levels

We now apply a magnetic field perpendicular to the interface. We first neglect all impurities and
interactions, we just look at a free electron in two dimensions with a perpendicular megnetic field.
The Hamiltonian is

h? 10 eB \? &2
H=—|(-%5—-—— - = .
2m (z dxr  he y) 0y? (6.6)
where we chose a Landau gauge A, = —yB, A, = 0. Since = does not appear as a variable in the
Hamiltonian, we can use the ansatz
W o< exp(ikx)(y) (6.7)
for the eigenfunctions. This leads to the eigenvalue equation
hw 0? Yy 2
‘-3 + (= Ik =E .
. ( bt (1~ k) | oo (68)

where I = (hc/eB)'/? is the magnetic length. This is the eigenvalue equation of a shifted harmonic
oscillator. The solutions are therefore

bk < Ho(y/lp — Ipk) exp(—(y — I5k) /20%) (6.9)

By = hue(n +1/2) (6.10)

and the eigenvalues do not depend on k. We therefore obtain a huge degeneracy. The degenerate
eigenvalues are called Landau levels. The number of states in a Landau level is F'/2rl%, where F is
the area of the system. Boundary effects are neglected here. The density of states is given by

1 B
=2 (6.11)

"B T 9n2, T he

The single-particle states constructed in that way are localised in y-direction and extended in z-
direction. But the high degeneracy allows to take arbitrary linear combinations of states with the
same eigenvalue. Therefore, one can as well construct eigenstates that are localised in z-direction and
extended in y-direction or that are localised in both directions.

If a Landau level is completely filled, the Fermi energy lies between two Landau levels in a region
without states. That means that there is no scattering and no diffusion, i.e. 79 = oo. The filling factor

v="" (6.12)

np
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6 The fractional quantum Hall effect

is an even number and for the conductivity tensor one obtains

-1 B h
ol = UOB rec | = ( Oh ve? ) (6.13)
_ﬁ Jg ez 0

A second argument yields the same result. Is uses the Lorentz invariance. A system with a magnetic
field B and a perpendicular electric field E can be transformed to another system with a Lorentz
transformation with velocity o

7= C% (6.14)
which contains no electric field and therefore no macroscopic current. In the original system, the
current density is therefore

j = —pet (6.15)

which yields the same conductivity tensor. Therefore, without imperfections, defects or impurities one
always obtains
pec e
Opxr — 0, Umy = ? = Vﬁ (616)

The question now is, what is the influence of disorder.

6.2 The integer quantum Hall effect

In this section we will discuss two different arguments which may explain the plateaus one observes
experimentally in the integer quantum Hall effect. The main goal is a qualitative understanding of
the effect, not the theoretical details. We are mainly interested in the fractional quantum Hall effect,
where interactions play a crucial role.

6.2.1 Disorder

The integer quantum Hall effect can be explained on a very basic level as follows: We saw that a
completely filled Landau level yields a contribution of % to o4y. The question is now, what happens
for a partially filled Landau level. We have many imperfections, defects and impurities, in the system.
What is the effect of disorder? Generically, disorder leads to localisation, this is the so called Anderson
localisation. P. W. Anderson received the Nobel prize (together with Mott and van Fleck) in 1977 for
his contribution to the theory of localisation. Suppose that the disorder is not too large. Typically,
one describes a disordered system by a potential V(z,y). Suppose that the typical energy differences
of the potential are small compared to hw,.. Then, in a first order perturbational treatment, one has
to diagonalise the Hamiltonian

HO == PoV(I,y)PO (617)

where Py is the projector onto a Landau level. We take the Landau level which contains the Fermi
energy. A potential V(z,y) that describes disorder is often realised as a random potential. Such a
potential lifts the degeneracy of the Landau level and tends to localise the electrons. Electrons close
to deep minima or maxima of the potential will be stronger localised and will have an energy far away
from the original energy of the Landau level. On the other hand, we know that the complete Landau
level must still yield a contribution % to the Hall conductivity. This contribution cannot com from
localised states. It must come from extended states which we expect to find in the middle of the
broadened Landau level. If we now change the filling factor, e.g. by changing the magnetic field, the
Fermi energy will move through the spectrum. There are regions in the spectrum where all states are
localised and do not contribute to the current. In these regions we should observe a zero diagonal
conductivity and a Hall conductivity which is an integer multiple %

It is of course possible to formulate this argument in a mathematically more precise way. A field
theoretic formulation can be found in Chapter 5 by A. M. M. Pruisken in [61].
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6 The fractional quantum Hall effect

Figure 6.1: The cylinder geometry

. ./korrMag-ss08/Fcylinder.pdf

6.2.2 Laughlins gauge argument

Let us choose the vector potential to be

A, = —By + A, =0 (6.18)

i}
2R’

so that the Hamiltonian reads

2 [ (10 eB ed \? 9
H=—||-5-— e \% 6.19
2m [(z or  he? T 277Rhc) dy? Vi) (6.19)
Further, we assume periodic boundary conditions in z-direction, i.e.
r=pR (6.20)

where 0 < ¢ < 2x. This corresponds to a cylinder geometry. The potential V' (z,y) contains the
Hall voltage Vg applied in y-direction, a boundary potential depending only on y, and the disorder
potential coming from the impurities. For V' = 0 the energy levels are the Landau levels characterised
by the Landau index n. Within a Landau level one introduces a second index. The eigenfunctions are

ed

Dexp(—(y — Bk + - m)/20)  (6.21)

ed
2w Rhce

Yne x exp(tkz)H, (y/lp — Ip(k +

where k = [/R, | € Z because of the periodic boundary conditions. We can write as well

- y _ls,, <@ Ly e e
V1 x exp(2milp) H, (lB 7 I+ hc)) exp ( 5 < 7 1+ hc)> (6.22)

The eigenvalues do not depend on [ or ®. We now introduce a potential V(y) that fixes the boundary.
It is still possible to describe the states by the two indices n and [, but now the eigenvalues may
depend on [ and ®. The dependency E, ;(®) is not arbitrary. The z-dependency of the wave function
is not affected by Vy(y) and the Hamiltonian depends only on [ + %, therefore we have E, ;(®) =

E,(l+e®/hc) and
he

En,l((I) + ?) - E?’L,l+1((I)) (623)
Vo(y) is only at the boundary different from 0. The states are therefore still localised in y-direction

2
close to %(l + %) and only those states where the localisation is close to the boundary will be affected
by the potential. Therefoe, only states close to the boundary will have an energy significantly different
from hw.(n + %) The contribution of a state to the current in z-driection is

dE, ;(®
[nl:_c Vl( )

.24
, 2 (6.24)
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6 The fractional quantum Hall effect

Only the states close to the boundary have a significant dependency on ®. They yield a contribution
to the current. The total current is the sum over all contributions I,,; weighted with the occupation
number. Averaging over ® yields

he/e
= _E Z nn,l(En,l(hc/e) - En,l(o))
n,l

v
(&

= _E (En7lmacc (O) - En7l'm7ln (O))

n=0

62

h
Therefore oy = I/Vy is an integer multiple of €2 /h. This argument remains correct if one introduces
disorder to the system. In that case, the eigenenergies E, ;(®) depend separately on [ and ® and
not only on [ + %. But the Hamiltonian is still periodic in ® and therefore we may still apply the
above argument. The disorder will localise most of the eigenstates, but some of them must still carry
a current. With this argument it becomes clear that in this geometry the current carrying states are
those close to the boundary.

Experimental systems always have a boundary, also in z-direction. If one introduces a boundary
potential in z-direction as well, the argument cannot be applied directly but one still expects that the
current is carried by states which are extended around the boundary. On the other hand, it is as well
possible to formulate the theory with periodic boundary conditions in both directions. In that case
there are no boundary states but there are still states carrying the current.

6.3 The fractional quantum Hall effect

The fractional quantum Hall effect was found by Tsui, Stérmer and Gossard at the end of 1981
and published in 1982 [74]. First theoretical approaches followed immediately, the main theoretical
achievement was the work by Laughlins [33] who described the ground state of the interacting many-
electron system as a quantum fluid. The Nobel Prize in Physics 1998 was awarded to Robert B.
Laughlin, Horst L. Stérmer, Daniel C. Tsui for their discovery and theoretical work on the fractional
quantum Hall effect.

6.3.1 Wave functions

Lowest Landau level

Models with non-interacting electrons as introduced in the last section cannot explain the fractional
quantum Hall effect. For the fractional quantum Hall effect, the interaction between electrons is
important. The Hamiltonian is

H = Z[Qm( ]+2A> LW

Vi1(7) is a single particle potential. In the simplest way it describes a homogeneous background. In a
more complete model in contains the effect of the lattice, of imperfections, of the boundary, etc. The
interaction V'(|7]) is typically isotropic. An ansatz would be the Coulomb interaction

Z V(|7 — 7] (6.26)
J#k

e2

V() = E

(6.27)
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6 The fractional quantum Hall effect

or a screened interaction, which may be more suitable in the case we have in mind. The electrons move
in a strong magnetic field. We assume that the spin of the electrons is polarised and can therefore
be ignored. This is a suitable approximation if the filling factor v < 1. For the vector potential we

choose a symmetric gauge

. B
A= 5(3/595 — x€y) (6.28)

m is the effective mass, it depends on the material we are looking at. For GaAs hetero structures
m = 0.07m, is a typical value. In the following I take as a first ansatz a constant background potential
V1 which can be put to 0. The single particle Hamiltonian now reads

1 .0 Y 2 .0 z \?
H = —-hw.||—-ilpg— — =— —ilg— + —
2hw [( ZlBaw 213) + ( ZlB@y + 2ZB> ]

1
= ihwc[z*z + 2%0 — 20, — 0,0,+] (6.29)
where . 1
z= %(a:—zy), z¥ = %(:C—kzy) (6.30)
d 0 3} 0
= = t+ig |, z* = o iy 31
0 ZB<8x+Zé?y> 0 lB(ax Zay> (6.31)
We define 1
a' = E(z* —0y) (6.32)
1
a= ﬁ(z + 0y+) (6.33)
where [a,a'] = 1, and obtain
H = hwe(a'a + %) (6.34)

A wave function in the lowest Landau level obeys the condition

ap = (6.35)
2p+0xp =0 (6.36)

with the general solution
Y = f(2) exp(—2"z) (6.37)

f(2) is an arbitrary analytic function depending on z. We assume that hw, is the by far largest energy
scale and that v < 1. The Hilbert space can then be restricted to the lowest Landau level. A general
multi-particle wave function in the lowest Landau level has the form

U= f(z1,...,25,) exp(— Y 2 2) (6.38)

where f is again an analytic function.
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6 The fractional quantum Hall effect

Construction of a single particle basis and angular momentum

Before we discuss a variational ansatz for the many particle ground state, let us introduce a suitable
single particle basis. The Hamiltonian has a rotational symmetry, it commutes with the angular
momentum L, parallel to the magnetic field. One has

0 0
L, = izl w2
i By o
= 20, — 270, (6.39)
L.f(2)exp(—2*2) = zf'(2) exp(—2*2) (6.40)
The eigenstates of L, are therefore
U = 2™ exp(—2"2) (6.41)

with the eigenvalue m. The ), for a complete and orthogonal system of states within the lowest
Landau level, since they are the eigenfunctions of the operator L,. Introducing a suitable normal-
isation the set {¢,,, m = 1,...,00} forms an orthonormal basis of the single-particle Hilbert space.
[9m (2, 2*)|? is rotational invariant and has a maximum at |z|> = m. To deal with a finite system, we
restrict the Hilbert space to values m < M, the filling factor is then v = N,/M. This corresponds to
a disk geometry with a soft boundary.

A many particle wave function

U= f(z1,...,2x,) exp(— Y 2 2) (6.42)
i
is an eigenfunction of L., if f(z1,...,2n,) is a homogeneous polynomial in the variables.

Laughlins ansatz for the ground state

Because of the projection to the lowest Landau level the only important contribution in the Hamilto-
nian is the interaction. There is no single particle Hamiltonian any more. Laughlins idea is that
the electrons should avoid each other as good as possible. We therefore look for an ansatz which is
homogeneous and where the electrons have a large distance between each other. An ansatz, which
was very successful in the description of liquid Hes is the Jastrow ansatz. It has the form

11 7@ =) (6.43)
i<k

In our case this means

U= H f(zj — 1) exp(— Z 27 %) (6.44)
i<k i
This wave function must have the following properties

o It should be an eigenfunction ofL,. Therefore f(z) oc 2™.

e It should be antisymmetric with respect to permutaions of two particles. Therefore, m must be
odd.

This means that the Jastrow ansatz yields

V=0, = [[(z — 2r) " exp(— > 2 2) (6.45)

i<k i

U,, is a wave function with an angular momentum L, = mN.(N, — 1)/2. The highest power which
occurs for a single argument z; is M = m(N, — 1). As a consequence, the filling factor of the wave
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6 The fractional quantum Hall effect

function is v = 1/m. For a fixed density, i.e. a fixed filling factor, the Jastrow ansatz has no free
parameter, the wave function is fixed.

The question is whether ¥,, is a good ansatz for the ground state of the Hamiltonian, and if yes,
why. To clarify this we look at two different calculations which have been done quite early after the
publication of this ansatz by Laughlin. The first is the diagonalisation of the Hamiltonian for small
numbers of particles. An exact diagonalisation allows to calculate the overlap of the true ground state
with W,,. A good overview of such calculations can be found in the book by T. Chakraborty and O.
Pietildinen [7]. It turns out that the overlap is better for short range interactions and that for the
bare Coulomb interaction the overlap is about 99% per particle. The calculation have been done with

21
up to 7 electrons for v = 1/3. The Hilbert space dimension is ( . ), the diagonalisations are done

using a Lanczos algorithm.

The numerical calculations show that for short range interactions the overlap is even better. Since
the electrons in our case have all the same spin, a short range interaction of Hubbard type, which
would be V(r) = Vpé(r) in the continuum, has no effect. The Pauli principle interdicts two electrons
with the same spin at the same place. The shortest possible interaction is therefore

V(r) = VaV35(r) (6.46)

One can show that U, is the exact ground state for such a short range interaction. We will come
back to this point. It supports the view that W¥,,, describes the ground state wave function quite well.

Let us mention that it is possible to formulate a Laughlin type wave function as well for systems with
periodic boundary conditions. This is useful because in such a case the gauge argument formulated by
Laughlin for the integer quantum Hall effect can be applied. We discuss periodic boundary conditions
below.

Properties of ¥,

Let us first discuss the case m = 1.
U, = H(zj — zi,) exp(— Zz;‘zz-) (6.47)
i<k 7
The factor [, (2j — z) is a so called Vandermonde determinant. One has
H(ZJ — Zk) = (71)N€(Ne_1)/2 Z(f]-)P HZ}D(,L) (648)
j<k P i
Up to a normalisation factor, ¥y is the Slater determinant of the IV, single particle basis states ,,,

m=1,..., N.. Therefore, ¥ is the exact ground state of the system for filling factor v = 1.
Let us now discuss general wave functions ¥,,. One has

(U |* = exp(=Bom (21, ..., 2n,)) (6.49)

This is the distribution function of the electrons. It can be interpreted as a classical gas with a free
energy ¢m(z1,...,2n.). We choose 8 = 2/m and obtain

Ne
Sm(21,.. . an) = —m* > Inlz—z[+m Y |z (6.50)
i<k =1

This is the free energy of a classical two-dimensional one-component plasma with charge m. The
general free energy of a classical two-dimensional one-component plasma is

Ne

7r
b2y ..., 2N,) = —€ éln |z — 2x| + 2poelz; || (6.51)
] =
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6 The fractional quantum Hall effect

Here, the first term represents the two-dimensional Coulomb repulsion of the particles and the second
term represents the attractive interaction with a homogeneous background with a charge density po.
In our case we have

2
=— .52
po=— (6.52)
The plasma is neutral, the particle density is
2

Th physical properties of the two-dimensional single-component plasma is well understood. For not
too large m it forms an incompressible fluid. It has a homogeneous density. The most important
quantity to look at is the pair correlation function

Ne(Ne — 1) [d?z5. .. d%2n, |V p)?
p? [d%z1 ... d%2N, | V)2

9(z1,22) = (6.54)
g describes the correlation of two particles. For a translational invariant and isotropic system, it
depends only on r = |21 — zo|. For large r the function tends to 1. For small r it decays like oc 72™.
The interaction energy is

1
Bww = [ @29(lzDV () (6.55)
Taking into account the homogeneous background, the total energy is

B = [ d(allel) = DV (=) (6.56)
For a short range interaction V(z) = VaV2§(2) we have E = Eyw. If g(r) decays faster than 72 one
obtains F = 0. Since F is non-negative, ¥, is a ground state of the system, as stated above. Further,
one can show that ¥, is the only ground state for m = 3. For m = 5 it is not unique but it becomes
unique if a second term is introduced to the interaction V(2) = (VaV2+ V4(V?)?)§(2). Similar results
can be shown for larger values of m. This explains the above proposition that ¥, is the exact ground
state of the system for short range interactions.

The function g(r) shows the typical characteristics of an incompressible fluid. It vanishes sufficiently
fast at r = 0, has a single maximum at some characteristic value of  and tends to 1 without further
oscillations for large r. For a crystal g(r) shows oscillations. For m = 1 we can calculate g(r) exactly,
one obtains

g(r) =1 — exp(—r?) (6.57)

The wave function V¥, therefore describes for not too large m an incompressible quantum fluid. For
an incompressible quantum fluid one expects an energy gap between the ground state and the low
lying excitations. Let us now look at the low lying excitations.

6.3.2 Elementary excitations

We use the quasi-particle concept to describe the elementary excitations. We constrict quasi-particles
and -holes. Let €, and ¢, be the energy of a quasi-particle or -hole respectively. Then, € = €, + ¢,
is the excitation energy of an uncharged excitation. In Laughlin’s original formulation, he created
quasi-particles or -holes by changing M instead of N.. Let us first discuss a quasi-hole. It can be
obtained by increasing M.

For a given wave function W, M is determined by the number of zeros the wave function has as a
function of a single particle coordinate z;. Increasing M means increasing the number of zeros. The
simplest state is one with an additional zero, i.e. a state with M + 1 zeros. We let

v =5, W, (6.58)
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Ne
So = [ (25 — 20) (6.59)
j=1
The wave function SIW,, corresponds to a wave function with filling factor 1/m and N+ 1 electrons,
where one electron at zg is taken out. ‘lfgrf ) ca therefore be interpreted as a hole where a 1/m fraction
of an electron was removed. The state is a state with a fractional charge. The quasi-hole generated at
2o via Sy, has the charge e/m. The same holds true for the classical two-dimensional one-component
plasma. The multiplication with S, corresponds to adding —m ) ;In|z; — 20| to ¢m, and therefore
to a missing charge of 1, whereas the particles forming the plasma have a charge m.

Because of the translational invariance of the system the energy of the quasi-hole does not depends
on zg. One can determine the energy either by diagonalising small systems numerically like for the
ground state or by calculating the expectation value of the Hamiltonian in the state \Ilgn_ ), which as
well must be done numerically. The typical energy of the quasi-hole is 0.025¢2/Ig. At typical field
strength B ~ 10 — 20T the excitation energy corresponds to a temperature of 4 — 8 K. This is in
good agreement with the experimental fact that the fractional quantum Hall effect can be observed
ate temperature below 1K.

It is a bit more difficult to construct wave functions for quasi-particles. Laughlins proposal was to

use
T — exp(— Z |2|%) H H (2 —21)™ (6.60)

0z k<l

for a quasi-particle at the origin. The numerical calculations show that this is a less good approxim-
ation. Nevertheless, the basic physical idea connected to this ansatz is the same as for quasi-holes.

The excitation energies for quasi-particles or quasi-holes are finite, as it should be for an incom-
pressible quantum fluid. Similarly to the integer quantum Hall effect, one may now argue that the
quasi-particles or holes in the system behave like usual electrons in the integer quantum hole effect.
The only difference is the charge, which is 1/m times the original charge. This argument can then be
used to explain why there are plateaus in the Hall conductivity at integer multiples of e? /hm.

6.3.3 Periodic boundary conditions

The ideas presented so far can be formulated in a system with periodic boundary conditions as well.
The mathematical formulation is more evolved, because one has to deal with doubly-periodic analytic
functions. Such functions do not exists. Instead, one needs quasi-periodic functions, so called 8-
functions. The representation uses projective representations of the translation group. Within this
representation it can be shown that an additional particle or hole in the system is indeed localised
and thereby on can explain the existence of a plateau in the Hall conductivity.

6.4 Universality

In a seminal paper, Frohlich and Kerler [13] showed that there is a completely different way to explain
the integer and fractional quantum Hall effect. In this last section, I briefly sketch their view and I
try to connect it to what we learned so far. Starting point is classical electrodynamics.

6.4.1 Classical electrodynamics in quantum Hall systems

In this subsection we look at the classical electrodynamics of a two-dimensional electron gas which
has a conductivity tensor of the form

_ 0 —om \ _
o= ( ou 0 ) =ope (6.61)
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6 The fractional quantum Hall effect

where € = (€n8)ap=1,2 With €10 = —e21 = 1, €11 = €22 = 0 . We introduce the current density
j= (5',7%) and the charge density j°. The electric field is E = (E1, E9) and we introduce a field-
strength tensor F'. It is anti-symmetric and has the elements Fy, = E,, F12 = —B. B is the magnetic
field perpendicular to the two-dimensional plane the electrons move in. Further, let 2° = ¢t and 2!,
22 be the coordinates, r = (2%, 2!, 2?), and
0
The current density is given by
j%(x) = oy’ Eg(x) (6.63)
The continuity condition is
0,7 =0 (6.64)
and Faradays law has the form
0B _,
5,00 +V x E() =0 (6.65)
or
P19, F(2) = 0 (6.66)
Taking the continuity condition and Faradays law, we obtain
og0yB = —ogV x E=—V-j = dyj° (6.67)
and therefore
§%x) = oy B(z) (6.68)

Taking this equation together with the material equations for j we may put everything together in
the compact form
Jop(x) = ouFop(x) (6.69)

where
Jap(T) = €apyi” (@) (6.70)

€apy is the complete anti-symmetric tensor. The continuity equation now takes the form
P19y J5 (1) = 0 (6.71)

As a consequence, oy must be locally independent of x! Further, lines where of changes must
carry a current. The continuity equation implies that for the current tensor J,g and as well for the
field-strength tensor Fi, 3 we can introduce a vector potential

Fop = 0aAg — 03Aq (6.72)
Jop = Ontp — Ogaqg (6.73)
and we obtain
6a(a5 — UHAB) — 85(0,,1 —opgAy) =0 (6.74)
This relation can be derived from the action
Scs(a—opgA) = / Bre (ag — o Aa)dp(ay — o A,) (6.75)
RxQ

Scg is called Chern-Simons action. This action is independent of the choice of coordinates.
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The status of the ideas presented so far is as follows: Whereas the continuity equation and Faradays
law hold exactly, the material equation J = oy F' is experimentally varified only on sufficiently large
time and length scales. We therefore cannot exclude that in addition to the Chern-Simons action S¢g
the total action contains a further term S; which should be symmetric under time reversal and which
should conserve parity. The total action will therefore be

S(a,A) = Scs(a—ogA) + Si(a, A) (6.76)

where the behaviour on long time and length scales is determined by Scg.

6.4.2 Quantisation

The current density j is a quantum mechanical operator, to be precise an operator valued distribution,
therefore the vector potential ¢ must be an operator as well. The same is true for A, at least in
principle. Since we do not want to treat QED, it is in our case sufficient to take A as a classical field.
The remaining task is now to quantise the action S(a, A) where A will be treated as an external,
classical field. The quantisation can be performed using a path integral. We use Euclidean path
integrals and introduce the coordinates

ag — —’iao, Ao — —iAo, 80 — —iao, dl’o — idl‘o (677)

Further, we introduce the vector potential A, for the external constant magnetic field so that the total
as vector potential A = A.+ A contains A, and A, coming from local sources. The Euclidean measure
dP4, which describes the ground state of the system with the action S is then given by

dPA(a) = Z(A, + A)) eXp(—%SE(a,A))D[a] (6.78)

where

SE(a,A) = —ikScs(a — oy A) + Si(a, A) (6.79)

2
Dla] = [T T daa() (6.80)
z a=0
and Z(A. + A) is the partition function, chosen such that [ dPs(a) = 1. The action S¥(a, A) should
be derived form a microscopic theory, but such a derivation does not yet exist. The field theoretical
formulation of the non-interacting electron system presented e.g. in the chapter 5 by Pruisken in [61]
for the integer quantum Hall effect is of that form. But using just the structure of the action one can
already derive some properties. The Euclidean partition function Z(A.+ A) should be invariant under
gauge transformations and the electron wave function must be unique. Both properties can only be

fulfilled if oy takes values

1 €2
-+ 81
oH 20+1h (6.81)

This was shown by Frohlich and Kerler [13]. The authors further show that one may allow for more
than one current. Let J® be a set of currents, for each the condition

J0 =oWp (6.82)

must hold. This then explains the experimentally observed values of ;.
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