QFT II - PROBLEM SET 3

(32) SCATTERING AT WORK
We would like to gain some more insight into scattering. Let us scatter two complex scalar fields ¢ and x. The
Lagrangian is
—§= /(p2 +m?)¢™ (p)o(p) + (0° + M)x" (p)x(p) + A/ 3(pr = p2 + 3 — pa)$(p1)¢" (p2) x(P3) X" (1),
p P1-..P4

where p? = pppt as usual. In terms of annihilation and creation operators, the fields are given by
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¢4+(w,p) = m%(p) (1)

o-wp) = P @

Gop) = 3)

op) = st () (4)

¢w,p) = ¢40w)+o-0(-w)= 2;@ [aqs(p) 0(w) +bl(p) 9(—@] (5)

X(w,p) = Xx40w)+x-0(-w)= 2;@ [ax(p) 6(w) + bl (p) ()] , (6)

where af, and a4 create and destrory ¢ particles and b}, and by create and destroy ¢ antiparticles. The same is

true for the y field. Please note that the hermitian conjugate operators of the fields are simply
of(w.p) = oLow) +ol0(-w) (7
X'(w,p) = XL 0w+l o(-w) (8)
So for instance in order to create one ¢ particle, you have to act with the creation operator on the vacuum:
ay(p)|0) = V2ES (v, p)|0)

Let us now scatter four particles: a ¢ particle (momentum = p;), and a x antiparticle (momentum = ps) coming
in and leaving again (momentum of x leaving is p3, momentum of ¢ leaving is py).

a) Convince yourself that the S-matrix we have to compute is

Sp.o = [2B(p1)2E(p2)2E(ps)2E (pa)]/* Jim (6. (¢, pa) XL(#, =ps) x—(t, —p2) &L (t,p1)).
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b) Fourier transform the times ¢ and ¢’. You should get
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Spo= Jin [ [ (VEBSGE) et o onpa) 1, pa) x-(on,=pa) 0 (r,p))
t— >

1% i=1..47
¢) Express ¢4 etc. in terms of the fields ¢ and y. In other words, use x! = xT0(—ws) etc.

d) Use the 6 functions and convince yourself that you can write Sg o as

Sga =

> dwi —it’ (watws) jit(watw
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e) To proceed, we have to compute the 4-point function

( ¢(ws,pa) XT(—W& —p3) X(~w2, —Pp2) ¢T(w1,p1)>~



We know from last term that these can be found by acting with i% etc. on the generating functional Z[J]. As
we have two complex fields, we will need two complex sources, say J for ¢ and 7 for x:

Z3* g,m"ml = /Ddﬂ?xeXp (iS - i/j*(p)¢(p) —j(p)¢*(p) — " (p)x(p) — n(p)x*) :

P

In principle, we would have to normalize by Z[j = 0], but we skip this here. As you have learned last term, you
can express Z[j] as

6 .6 .6 1) _ _
Zj*ajv *77 = exp (Zszn |:Z,Z,Z,Z:|)6Xp{/]*G .]7/ *G }a

where G4 = pf_,lilmz and Gy = zﬁ}\/ﬂ‘
f) Expand the interaction S;,: to first order in .

g) Compute the non-trivial (i.e. scattering) part to this order using

( $(ws,pa) X' (w3, —p3) X(—w2, —p2) ¢'(w1,p1))

) (idj*(fm)) (iam—wj—ps)) (i&l*(—jm—m)) (izsj(wf,pl)) 26 gl

h) Substitute this expression back into our formula for Sgs 4.

i) Just like in the lecture, perform the integrals over w using the resiudal theorem. For this, use

—1 )
p2 + m?2 T2 — E2(p) +ie’

j) Think a bit which graphs would contribute to order A\2.



