QFT I - PROBLEM SET 10

(19) LIE ALGEBRAS

We consider the exponential representation e’®«X« of an unitary group. The generators X, are hermitian
operators and form a vector space.
In general

eiaaXaeiﬁbXb # ei(aa+5b)Xa ,

but as the elements form a group, it must hold

eiozaXaeiﬁbXb — eiéaXa
for some 0 (summation over repeated indices is understood).
a) Show by expansion up to quadratic order in « and

. - 1
10,X, = In (]_ -+ ewé“XaeszXb — ]_) =i0q Xy + 10Xy — i[aaXaaﬂbXb] + ...

b) Show that the generators fulfill the following Lie algebra
[Xaa Xb] = Z.fabc)(c .

The fqupe are called structure constants and summarize the entire group multiplication law. Show that f,p. =
— frac and that the f,p. are real (for a unitary representation).

Remark: Expanding beyond second order in a) yields no additional conditions to make sure that the group
multiplication law is maintained.

c) As a simple and explicit example work out rotations in ordinary space (R3). You can write rotations around
an axis of rotation u, (Ju| = 1) by the angle € as

R(u,¢e) = e—tewd

where the Jp, Js, J3 are the generators of the rotations around the z—, y—, z—axis.
Show that these generators suffice the following Lie algebra

[Ji7 J]] == iEiijk .

Hint: One way is to directly construct adequate J’s and to verify the algebra. But one can also deduce the
algebra by studying two consecutive infinitesimal rotations in different order.

(20) POINCARE TRANSFORMATIONS
Poincaré transformations are linear transformations

at — ' =AY +ad* or 2 =Az+a,
with the multiplication law

(A2, a2)(A1,a1) = (A2, Agar + as) .

a) The unit element is (1,0). What is the inverse (A, a)~1?

The Lie algebra of the Poincaré group is generated by 4(4 + 1)/2 (four space-time dimensions) generators: the
4(4 —1)/2 generators M, = —M,,, of the Lorentz group and the 4 generators of the group of translations,

(A,a) = exp {%w’“’M/w + ia”PH} ,



where the variables w*” and a* parameterize the transformation. To get the full Poincaré algebra we need
commutation relations of the infinitesimal Lorentz transformations and translations.

b) Observe that

(A,0)(1,a)(A, 007" = (1,Aq).
Study this relation for infinitesimal translations and show

[P, Myuw] = i(1ppu Py = npw Pu)

with n = diag(—1,1,1,1).
Hint: (M) p0 = —t(Muptve — Muplue) -

To summarize, the Poincaré algebra is (in this convention):

My, Mps] = —i(upMuo + Mo Mpup — Mo Mup — Nyp M)
[Pp, M| = i(mpuPy — 1pwPy)
[P.,,P)] = 0.
(21) DIRAC MATRICES

Here, we would like to exercise a bit with gamma matrices. In the convention of the lecture the ~-matrices are

7= ( igk _éTk ) k=123 and 1= ( 721 _81 ) ’
where the 7, k = 1,2, 3 are the Pauli matrices.
a) Show that the y-matrices fulfill the Clifford algebra
{7} =2
and that (v")? =1 for i = 1,2,3 and (79)%? = —1.

As the square of a gamma matrix is hence +1, the largest (“fundamental”) product of gamma matrices is the
important
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b) Show that
{2 =0, (")?=1.
and
[v°,0"] =0.

with o#¥ = %[’y“,'y”].



